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Objectives

The following is a list of objectives for this sémh of the workbook.

By the time the student is finished with this segtiof the workbook, he/she should be able
to...

. Determine the properties of a quadratic function standard form.

. Find the x and y intercepts of a quadratic function

. Find the range and domain of a quadratic function.

. Find the vertex of a quadratic function in standar@rm.

. Graph a quadratic function.

. Determine the properties of an absolute value ftioa in standard form.

. Find the x and y intercepts of an absolute valuenfttion.

. Find the range and domain of an absolute value furan.

. Find the vertex of an absolute value function.

. Graph an absolute value function.

. Determine the properties of a radical function inadard form.

. Find the x and y intercepts of a radical function.

. Find the range and domain of a radical function.

. Find the point of origin of a radical function.

. Graph a radical function.

. Determine the properties of an exponential functiam standard form.

. Find the x and y intercepts of an exponential funai.

. Find the range and domain of an exponential funcho

. Find the key point of an exponential function.

. Graph an exponential function.

. Determine the properties of a logarithmic functian standard form.

. Find the x and y intercepts of a logarithmic functn.

. Find the range and domain of a logarithmic function

. Find the key point of a logarithmic function.

. Graph a logarithmic function.

. Determine the properties of a cubic function in stdard form.

. Find the x and y intercepts of a cubic function.

. Find the range and domain of a cubic function.

. Find the vertex of a cubic function.

. Graph a cubic function.

. Shift the graph of a function without actually knoing the equation, i.e.
graphing f(x+2).

. Graph piece-wise functions.
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Math Standards Addressed

The following state standards are addressed in thestion of the workbook.

Algebra 1l

1.0 Students solve equations and inequalities involving absolute value.

8.0 Students solve and graph quadratic equations by factoring, completing the square, or using the quadratic formula.
Students apply these techniques in solving word problems. They also solve quadratic equations in the complex
number system.

9.0 Students demonstrate and explain the effect that changing a coefficient has on the graph of quadratic functions;
that is, students can determine how the graph of a parabola changes as a, b, and c vary in the equation

y = a(x-b)? + c.

10.0 Students graph quadratic functions and determine the maxima, minima, and zeros of the function.
11.0 Students prove simple laws of logarithms.

11.1 Students understand the inverse relationship between exponents and logarithms and use
this relationship to solve problems involving logarithms and exponents.

11.2 Students judge the validity of an argument according to whether the properties of real
numbers, exponents, and logarithms have been applied correctly at each step.

12.0 Students know the laws of fractional exponents, understand exponential functions, and use these functions in
problems involving exponential growth and decay.

15.0 Students determine whether a specific algebraic statement involving rational expressions, radical expressions,
or logarithmic or exponential functions is sometimes true, always true, or never true.
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Quadratic Functions

The translation of a function is simply the shiftonof a function. In this section, for the most
part, we will be graphing various functions by mesof shifting the parent function. We will
go over the parent function for a variety of algedc functions in this section. It is much

easier to see the effects different constants hame particular function if we use the parent

function. We will begin with quadratics. Observeet following regarding a quadratic function
in standard form.

y:a(x—h)2+k
y=x

Notice that in the equation above, the h and k veduare zero, while the value of a is one. Thiges
you the parent function for all quadratics. Evetying else is merely a manipulation of the parent

function.
2 2
y=(x-3) y=(x+3)
The graph of the function shifts right 3. The grapbf the function shifts left 3.

The number inside the parenthesis makes the grahtitgo the left or right. Remember P.L.N.R., Pdisie Left
Negative Right, tells about the horizontal shift eged to graph the function.
If the function above is f(x) , the functions below would bé(x_s) and f(x+3) respectively. This is important to
know, because in the future, you will be required graph functions based solely on the picture praeil. No
equation will be given. You must rely solely onuydknowledge of translating graphs.
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Once again, the parent function is illustrated ab@vand translations of it below.

y:)(2+2 y:X2—2

The graph of the function shifts up 2. The graph tfe function shifts down 2.
In these examples, th& value is what is changing. The value & dictates a vertical shift of the function. In
this case, consider the parent function as beirfgx) . Given no information regarding the specific eqtian of
the function, the equations for these two transiatis of f(x) are f(x) +2, and f(x) -2.

y=-x

Now, on the left we have the opposite of the parent
function. In this particular example, the value of, in
the standard form is -1. A negative reflects theagh of

the function about the horizontal axis. Once agaiif

the parent function given is referred to ai(x) , this

function is — f(x) .
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We have seen how to graph a function by shiftingtharent function. You may have noticed
that we graphed-f,, but not f_,. The reason we did not sek_, , is because this is the

graph of an even function. That means that if a were plugged in to the function, it would
make no difference. The outcome would be the sarbewever, if we are dealing with a
different type of function, one that was not evel‘th) would cause the graph of the function

to reflect about a vertical axis. In other words$, - f(x) makes a graph flip upside dowrf(_x)
would make the graph flip from right to left, or feto right, whatever may be the case.

Lets see how differing values @&, h and k will cause various shifts of the function.
y=a(x-h)’+k

Once again, take note of the parent functigre x°

y:—(X+2)2+3 y:(x—3) +2

This graph opens down, and shifts left 2, up 3. Flhyraph opens up and shifts right 3, and up 2
If this graph is a translation of the functionf(x) If this graph is a translation of the functionf(x)
It would by written as— f(x+2) +3. It would by written asf(x_g) +2.

We will be graphing functions using onlyf(x) in the “translations of functions” section.
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Here we will see how the value @ for the quadratic function in standard form affestthe graph of the
function. To illustrate this, we will look at thgraph of a parabola that has its vertex on the arig

1
= 4%? ==
y 4

This graph seems very narrow, but what is
actually happening, is the value of the function is
increasing very rapidly. The y values are
increasing at 4 times their normal rate. The rapid
increase causes the graph to appear narrow.

This graph is wider than the parent function. In
this case, the y values of the function are
increasing at ¥ their normal rate, causing a more

gradual increase.

As you can see, if the value tife leading coefficient is a whole number, the ylwes of the graph will
increase rapidly causing a narrow and steeper curda contrast, if the leading coefficient is a faion, the y
values of the function will increase mildly, caugina more gradual curve.
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Describe the movement of each of the following quaalic functions. Describe how each
opens and if there is any horizontal or vertical meement. Be sure to state how many
spaces it moves, for exampleThis graph opens down, and shifts left 2, up 3.

A) y=-3(x-4)"+2 B) y=2(x+3)"-8 C) y=%(x—3)2
D) y:[x+%j2—§ E) y=—(x+5)+6 F) y=7(x-3)°+1
G) y=—é(x—7)2+4 H) y=3(x+6)"+8 ) y=-4(x-3)"-2
J) y=x*-3 K) y:—é(x+14)2 L) y=-2x*+8

As you describe the graphs of the quadratic functias above, you wrote that it shifts to the
left or right, and up or down. What is actually shfting?
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Write the equation for a quadratic function in y = a(x—h)2 +k form that opens down,
shifts left 3 and up 7.

Write the equation for a quadratic function in y = a(x—h)2 +k form that opens up, shifts
right 4 and down 2.

Write the equation for a quadratic function in y = a(x—h)2 +k form that opens up, and
only shifts down 4.

Write the equation for a quadratic function in y = a(x—h)2 +k form that opens down and
shifts to the left 8 spaces.

Write the equation for a quadratic function in y = a(x—h)2 +k form that opens down and
shifts up 7.

Is a quadratic function a one-to-one function? Whyor why not? What does this tell you
about the inverse of a quadratic function?
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Match the appropriate graph with its equation below Explain why each of your solutions
is true.

=(x-2)"+1 5) f,y=3(x+2)° 6) f,y=-(x=3)"+2
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Graph each of the following functions. You may ne®to use an axis of symmetry to graph
some of these Label the vertex, y-intercept, and all x-intercepts
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The quadratic function given by the equation f(x) = 3(x—2)2 +6 has an axis of symmetry

of

The quadratic function given by the equation f(x) = —3(x+6)2 -4 has an axis of symmetry

of

The quadratic function given by the equationf,, = a(x—h)2 +k has an axis of symmetry

of

Considering your answers to the previous questionsye can conclude that the axis of

symmetry for any quadratic function is given by thex value of the

Why does the axis of symmetry look as though we asaying x equals a number x =#)?

Why is it sometimes necessary to graph a quadratfanction using the axis of symmetry?

247



Absolute Value Functions

In order to graph an absolute value function, youlilbe using many of the same methods you
did for quadratics. The standard form of an abstduvalue function is nearly identical to that

of a quadratic function.

fy=alx=h+k

The standard graph by which we translate absolutdue functions comes from the equation
of thediagonal line y = X.

y=X

This is the graph of the functiony = X. In this case,

the x and y values of coordinates are identicalorF

example, (-3,-3). You can see the x and y values a

the same.

Now, lets take a look at what happens when | wam bsolute value of x.

y =¥

If the graph of ¥ = Xabove is f(x) , the function to the

left is‘ f(x)‘ . We know that the absolute value of a

number cannot be negative. If we take the absolute

value of f(x) , it would cause the left portion of the
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graph above to reflect above the x axis. Now as yo
can see, all y values of the function are positivEhis
is where the graph of the absolute value of x comes

from.



As we look at the following absolute value functisnyou will notice how similar they are to quadratiunctions.
The vertex of an absolute value function is alsovgn by (h,k). Horizontal and vertical shifts ardentical, as
well as the effect the value c has on the graph. The rules for finding the rangad domain of an absolute
value function are also the same as a quadraticon®times, an axis of symmetry must be used to gragmir
function. Intercepts are found by substituting zefor either x or y, and solving for the remainingariable.

fy=alx=h+k

fy = X

fro =|x+2|

The graph of this fungtion shifts to the right 2. he graph of this function shifts to the left 2.

Once again, notice that the value df determines the horizontal shift of the functiorif the function
is defined asf,, the graph on the left isf,, _, , while the graph on the right i$, .
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fy =[X+3 fo=|x-3

The graph of this function shifts up 3. The graplf this function shifts down 3.

The value of K, for an absolute value function in standard formetermines the vertical shift of the function. As
before, if the function is simply defined af:ix) , we are looking atf(x) +3 and f(x) —3 respectively.

ﬂ@:_M

On the left we have the opposite of the parent ftion.
In this example, the value o8, in the standard form
is -1. A negative reflects the graph of the furami
about the horizontal axis. This is read as the ogjte
of the absolute value of x. If the parent functiagiven

is referred to as f(x) , this function is — f(x) .
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Here we will see how the value @&in an absolute value function in standard form afés the graph of the
function. To illustrate this, we will look at théollowing graphs that have their vertices on theigin.

1
foy =4X frg = Z|X|

This graph seems very narrow, but what is
actually happening, is the value of the function is
increasing very rapidly. The y values are
increasing at 4 times their normal rate. The rapid
increase causes the graph to appear narrow.

This graph is wider than the parent function. In
this case, the y values of the function are
increasing at ¥ their normal rate, causing a more

gradual increase.

If the value ofthe leading coefficient is a whole number, the yiwas of the graph will increase rapidly causing
a narrow graph and more extreme slope. If the &gl coefficient is a fraction, the y values of thanction will
increase mildly, yielding a more gradual slope.

251



Describe the movement of each of the following abisie value functions. Describe how the
graph of the function opens and if there is any harontal or vertical movement. Be sure to
tell identify how many spaces it moves, for exampleThis graph opens up, and shifts left 6, up 3.

A) f(x)=3|x—4|+1 B) f(x)=—|x+11+6 C) f(x)=|x|+4

D) f(x)=|x+5|—2 E) f(x)=|x—3| F) f(x)=—3|x+11+3
1 2

G) f(x)=§|x—3|+2 H) f, =-[x+§ 1) f(x)=§|x|—4

State the range and domain for each of the followon

A) f(x):3|x—4|+1 B) f(x)=—|x+14+6 C) f(x):|x|+4

D) f(x)=|x+5|—2 E) f(x)=|x—3| F) f(x)=—3|x+11+3
1 2

G) f(x):§|x—3|+2 H) f(x):—|x+6| ) f(x)=§|x|—4
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Find the vertex of each of the following absolutealue functions.

A) fy=-x+3 B) f, =3x-2-4 C) fy==Ix-2

D) f, =|x-2/+3 E) fy =2|x+6[+9 R f, =-|x-4+7

Solve each of the following absolute value equatienThis is what you will need to do to find the x
intercepts of absolute value functions. Rememiest isolate the absolute value, then set up tveparate
equations to find your solutions.

x+3-6=0
[x+3 =6
Set equation equal to _ _ Set equation equal to
6 and solve by X+3=6 and X+3=-6 -6 and solve by
subtracting 3 to both x=3 X = -9 subtracting 3 to both
sides. sides.

So the two solutions are 3 and -9. These wouldtex intercepts of the graph of the functiop=|x+3-6.

Watch for abnormalities. lif the absolute value eals a negative number, you cannot create two peshk. If
this happens, there will be no solutions to the ptem, which in terms of the graph of the functiotglls you that
there are no x intercepts.

A) |x-4-2=0 B) 2|x+4-12=0 C) —%|x|+1=0

D) -2|x-3=0 E) [x-6-5=0 F) -3[x-1+2=0
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Match the appropriate graph with its equation below Explain why each of your solutions
is true.

A B c
I I\L-I\-I\--r_—_l‘_—_—l_——f‘-_—_—l I 1 1 1 Ji 1 1 1 \l 1 1 1 1 Ji 1 1 1 1
D E F
1) f,=4x-1 2) f(x)::l1|x|-1 3) f,=-|x+3
4) f(x)=|x—3|+2 5) f(x)=—|x—11+3 6) f(x)=—|x+3|
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rF

Graph each of the following functions. You may ne®to use an axis of symmetry to graph

some of these Label the vertex, y-intercept, and all x-intercepts Remember, to find the x intercepts of an
absolute value function you will need to set the fiction equal to zero and solve an absolute value @dtion.

A) f(x)=—|x—2|+3 B) f(x)=x+4{—4
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=3|x+5-6
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Translations of Functions

We will now look at graphing a function without acally knowing the equation. Based on the
graph of a function, it will be possible to shifor translate the graph in any manner indicated.

For example, if given the picture of a graph andldd‘This is the graph of the functionf(x)

Proceed to first identify the coordinate of any ¥ex seen. These will serve as a guide for the
graph of the function’s translation.

To graph the function of f(x+6) , the function will need to shift to the left 6 spas. To accomplish this, subtract 6

from all x values in the original function. The msults will be the coordinates for the new graphikewise, to
graph f(x_4) , this function will need to shift to the right 4paces, so add 4 to all x values.

In order to graph f(x) +5, the function will shift up 5 spaces, requiring # 5 be added to all y values. If asked

to graph f(x) —3, the will function shift down 3 spaces, meaningtgract 3 from all y values.

If the number is in the parenthesis, the functios shifting using P.L.N.R.. If the number is
after the f(x) , sSimply shift as indicated, + says shift up, - sahift down.

Any number in front of the f(x) will affect the scale of the function. This meaiitswill affect the rate at which

the function grows. When graphing, for example; f(x) , change the sign of all y values on the graph bét

function. This will cause the graph of the functioto flip upside down. A number other than -1 cafso be
used. Lets say we need to grth‘(X), this means the actual curve will increase 3 timesfast. It will therefore,

be necessary to multiply all y values by 3. Thi#i result in the coordinates for the new functionlf the 3 were
grouped with the x such aé(gx), the horizontal change is the inverse of what fiears to be. So instead of

multiplying x values by 3, divide by 3.

When graphing f(_x) , take the opposite of the x values of the funatioThis will cause the graph of the function

to flip along a vertical axis.

Combinations of these rules will be encountereddhghout your study of functions, for
example, to shift right 3 and up 6. Just stick withe rules and the graph will be translated to
its new location. If faced with a problem such a8 +3, follow the order of operations
Multiply all y values by 2 first, then add 3 to dac Referring to the previous two topics,

guadratic functions and absolute value functiongwy will find references to these rules and
examples throughout.
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The following is the graph of the function f(x) . Use this to graph each function for letters A-D.

(-4.3) (-1.3) : (5.3)
5 /
% /
Re /,/
1, ™ ,/
./’/
D ) 1 (;:0) )
C) —fy,+1 D) f.,
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The following is the graph of the function f(x) . Use this to graph each function for letters E-H.

-{(113) (2.13)
‘I e
5.1 !
\.‘. l|
el o
|
|
E) fuy F) |ty
G) f, -4 H) Ty =3
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The following is the graph of the function f(x) . Use this to graph each function for letters I-L.

(=1

(-4.3) (1.3)

- >
// -2 \L_///
/ e
-7.-3) i
) f(_x) J) f(x_z)—l
1
_ L)y =f
K) f(x)+1 ) 3
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Radical Functions

For radical functions we will use the equatiori,, =avx—-h+k to denote the standard form

of the equation. Be aware, that the variable x magve a coefficient from time to time.
Follow the standard procedure to find the x andnteércepts of any radical function. Set the x
or y equal to zero, depending on which one you wighind, and solve for the remaining
variable. Finding the domain of a radical functiors a little tricky. To find the domain of any
radical function with an even indexset the radicand greater that or equal to zera  and
solve. If the radicand is a polynomial, you wilkeed to solve the polynomial inequality by
finding critical points, and testing intervals. Tfind the range of the radical function, find y
value of the point of origin, and use the constaatto determine the range of the function.

Given the radical functionf , = —vx+4 -3, the following can be determined.

First find the domain of the function. This will give you the x value needed for the point of origin.

f(x) =—JXx+4-3
Finding the domain. Finding the range.
X+4=0
X> —4 Since the constan@iis -1, the function will go

You can see the domain of the function[is4, 00) . downwards. Meaning that the range (5_00’ _3] :

The -4 is the x value the point of origin.
Finding the “point of origin” of a radical function.

To find the point of origin of a radical function se the rules discussed in previous sections. Toiatpof origin
for the parent function 'y = \/; is (0, 0). This particular graph will shift lefd and down 3, so the point of origin

is (—4, —3) . Be careful when using these rules. Make surdital the domain of the function before you

attempt to find the point of origin. Consider afigtion such asy =+/3— X . Since there is a positive 3 inside
the radicand, you would normally shift to the le®t However, If you were to find the domain of thfisnction by
setting the radicand 0, You will find the domain is actuallyx < 3. This says the graph is shifting to the right 3
spaces.

Finding the x-intercept. Finding the y-intercept.
Substitute 0 for y and solve for x. Substitute 0 for x and solve for y.
0=—-/x+4-3 y=-+/(0)+4-3
VX+4=-3 y=-V4-3
y=-2-3
y=-5
This is not possible. That means there is no »eirtept The y intercept of this function is (0, -5).

for this function.
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We will now look at the parent function, and someranslations of it.
fy =avx—h+k

The parent function has the point of origin at (@)

The graph of this function shifts right 3. The grdpof this function shifts left 3.

fiy =Vx+2 fiy =Vx-2

L

Here the graibh shifts up 2. The graph of this furieh shifts down 2.
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fy =avx—h+k

The parent function has the point of origin at (@)

The graph of this function flips upside down.

fiy =5V

Scale increased by a factor of 5.

The graph of this function"flips from right to lefas the
—x affects the domain of the function.
1
f(X) - g X

This is 1/5 thermal scale.
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Find the domain of each of the following radical functions in interval notation.

A) f(x):\/x+4—2 B) f(x)=2\/4—x+l C) f(x)=\/2x+3+1
D) f,=Vx—4 E) f,, =X F) f(x):%\/G—x—S
G) f,=-/x+5-8 H) f,=v2-x+1 ) fo=2Jx+7-5

The range of a radical function inf(x) =avx—h+k form can be found using the value of the
“a” term, and the y value of the point of origin.

If a>0, the range of the function i#k,oo).

If a<0, the range of the function i{—oo,k].

Find the range for each of the following.

A) f(x)=\/x+5—3 B) f(x)=—\/x—3+2 C) f(x)=2\/x—4+3
D) f(x):—3\/5—x+6 E) f(x)=\/4—x—3 F) f(x):\/x—7+5
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Find the point of origin for each of the followingradical functions.

A) fy=x+4-2 B) f,=2/4-x+1 C) f,=x-4
D) f,=-Vx-3 E) f,=Vx F) f(x):%\/G—x—S
G) f(x):—\/x+5—8 H) f(x):\/Z—x+1 ) f(x)=2\/x+7—5

Why is the graph of the function f(x) =J-x moving towards the left rather than the right?

Explain why the graph of the function f(x) = \/? is identical to that of f(x) = |x|

To find the domain of a radical function that has & even index, why do you need to set the
radicand > 0?
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We will now look at the cube root function.

fy =a¥x=h+k

frg = Ux

_

The parent function has the point of origin at (@)

f(x)=3x—2 f(x):\3/x+2

The graph of this function shifts right 2. The grdpof this function shifts left 2.

frg =¥x

As you can see on the left, the curve is just abthe
same for a & root, verses a cubed root. This will be the
L same case for any radical function where the index
L e T (LA e e e odd. This also means that any radical function whe
the index is even will look like a normal squareab
function. The curves of these functions are alkt
“flatter” than a regular square root or cubed root.

Vertical translations of the function are identicab that of a regular square root function. As yaan see, the
domain and range of any radical function with an ddndex is all real numbers.
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Match the appropriate graph with its equation below Explain why each of your solutions

is true.

A
:::"f;::::
.:—'—'_'_'_'_'_‘_'Jm__

D

4) fy=-Ix-2+1

S)fM

—VX+2
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Graph each of the following radical functions. Find all required information.

A) fiy=x=3+2

.

b
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G) f,y=-Ix-3-2

b
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Why are the graphs ofy = Ix and y =-¥-x identical?
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Y-intercept:

X-intercepts:
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Exponential Functions

This information was covered in a previous sectiohthe workbook, but it won’t hurt to go
over it again.

Standard exponential function

f ):cax‘h+k

(x

The c term is a constant that can make to graphleef about a horizontal axis or change to
scale of the graph of the function proportionatelyf c is a positive value, then you will have a
standard looking growth or decay curve. If c isgegive, the growth or decay curve will flip
upside down. We will get into the effects diffetaralues of h and k have on this function
shortly. What we will concentrate on here is idéging an exponential function as being
growth or decay, and finding the range, domain akey point of the function.

Exponential Growth Exponential Decay
fy=ca™" +k fy=ca " +k
If a>1 If O<a<1

Obviously ifa=1, we are raising 1 to various powers, and we wirglgetting a horizontal

line because no matter what you do, raising onetty power still yields a result of one. Pay
special attention to the exponential decay functioifhe statemen0 < a<1 is saying that the
value of a is a fraction whose value is between zero and ob®. not make the mistake of just
looking for a fraction to determine whether or nthe function is decay. Make sure the value
of the fraction is between zero and one.

The values for variabled, k, and c act to make the graph shift left/right, up/downhange
the scale or will reflect the function about a haantal axis.
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Notice the key point for each of these functionstie point(O,l) . This information is vital.

This key point will shift depending on the valuetip k and c. To find the x value of the key
point, evaluatex—h =0. In other words, find the value of x that woulde&ate a problem such
as 3 to the zero power. This number is the x vahfiehe key point. To find the y value,
substitute the x value back in. Refer to the fallmg example.

fy=27°+5
to find the key point evaluate x-3=0
x-3=0

x=3 this is the x value of the key point

now substitute 3 back into the problem for x

fg=2°+5
fg =2°+5
fy =1+5
f,=6

3
so the key point is (3,6)

— x=h
fy=ca " +k

As we work to translate these functions, ué(el) , as the default key point to any exponential
growth or decay curve that is above the horizordalmptote where the value of “c” is 1. In
other words, if the value of “c” is positive onesa the poim(O,l) to assist you in shifting the

function. If the graph of the function is below #horizontal asymptote, and the “c” value is
-1, you will use(O,—l) as the key point. If the value of “c” is angther number, you must
find the key point algebraically. Consider the exple above.

— 9x-3
fy=2"+5

Thefirst thing | did was notice that the graph of this function shiftsright 3 and up 5. Pay special attention to the
value of K. That tells you where your new horizontal asymptote is going to be, in thiscase, at y =5.

Since the value of C is positive one, begin at the key point (O, 1) . Since the graph will shift right 3 and up 5, simply

add 3 to the x value, and 5 to the y value of the key point. This produces a new key point of (3, 6) . Observe how this

information matches the work above. The key point in these functions acts as the vertex in a parabola. It gives you a
point of reference with which to shift the function. Make sure the correct key point is used from the beginning, either

(O, 1) or (O, —1) . Remember, if the “c” term is a number other that 1 or -1, the key point is actually multiplied by that

number. For example, the function f(x) = 3(2)X has a key point of (O, 3) , not (O,l).
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Here we will look at how to graph these functiong lmeans of translation

Exponential Growth
fy=ca™" +k

f,=3"+2
=3 B

e e e e
e e e e +
P

«—o—.—o—v—v—/-
P e

In this function, the value of k is -5. This tellgou the
new horizontal asymptote will be aty = -5. Sinbe t
value of the constant “c” is a positive one, beghith
the key point (0,1). This function will only shiffown
5 spaces. Therefore, subtract 5 from the y valdi¢he

key point which is 1. This results in: (1 — 5 = -4)
therefore, the new key point is at (0,-4).

Notice that the horizontal asymptote is at y=2.n&
the graph of this function is going to be above tke
axis, begin with the key point (0,1). This functio
shifts right 4 and up 2. The dots have been laftthe
graph so it would be easier to see. Adding 4 te xh
value of the key point, and 2 to the y value, th@ankey
point is at (4,3). Just remember where to begind

do not cross the horizontal asymptote.

Graphing exponential functions by translation is laively simple. The most difficult part will
be finding the x and y intercepts as the x-inter¢eyll involve the use of logarithms.
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Exponential Growth
fg =ca’™" +k

Here we have something that looks like decay. The
value of “a” in this function is greater that oneso it
‘Since the value of “c” in the equation of this furion  should be growth. What really happened here, ig th
is -1, we must begin with the key pomt“of, (0,-Tphis is laws of exponents went to work3*™* Is the same
the key point, because that value of “c” caused the ~(x-2) _
graph to reflect about the horizontal asymptotehel 3 . The power of a power rule says this
entire function will shift up 4, so the new horizdal 2 1\
asymptote isy = 4. The curve is going to shiffi2  can be seen aé?fl) . This simplifies to(—) ,a
and up 4. By adding 2 to the x value of the keynip 3
and 4 to the y value, the new point can be found at decay curve. OK, so we begin with a decay cuna th
(2,3). Notice the graph runs right though that pui ~ has a key point of (0,1). Add 2 to the x valuedahto
the y value of the key point, and the new key pamt
(2,2), with a horizontal asymptote of y = 1.

thing as
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Exponential Decay
fy =ca™" +k

This is an exponential decay curve. The originabgh  This is an exponential decay function that is refied
will lie above the x axis. Therefore, begin withe key  and lies below the horizontal asymptote. The iaiti
point (0,1). The key point will shift to the le& and  key point here is (0,-1). Since this graph williftiright
down 2, so subtract 3 from the x value and 2 frohety 4 and up 3, add 4 to the x value of the key pointe3
value of the key point, and the coordinates of thew to the y value. This yields a result of (4,2).n&¢ the

point will be at (-3,-1). The graph of this funath entire graph shifted upwards 3 spaces, the horizint
shifts down 2, so the horizontal asymptote of this asymptote isy = 3. Once again, when graphing,ndd
functionisy = -2. cross the horizontal asymptote.

The translations of these functions are very sinrik® that of other functions we have seen. A
point of reference with which to shift is all thas needed. Most important is to make sure to
always use the appropriate key point to start witBraw the horizontal asymptote firsthat

way the graph of the function does not accidentadiyoss it.
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fg =ca ™" +k
The domain of any exponential function i@—oo,oo). The values of ¢ and k terms will

determine the range of the function. Since the mntal asymptote of an exponential
function is given by y=k, the value of k will detaine where the horizontal asymptote of the
function lies, whereas the value af will determine if the function is above or belowat
asymptote. Be careful not to use brackets whercdbsg the range of an exponential
function. The horizontal asymptote must not be thed so only parenthesis may be used to
describe the range in interval notation.

Find the range and domain of each of the followingxponential functions.

— HX+6 __ —-_ 1 2 _ x+1_
A) f,=2"°-4 B) fi= (EJ +3 C) f,=2(3)" -5
— X _ - _ x+2 — X2
D) f,,=5"-3 E) fy=-2(5" -3 F) f,=¢e"-3
G) fiy= §X_8+2 H) f,=-2"°-7 ) f, =-4+2
x4 (¥ (x)
» 1=t 41 K) f.=-67-1 L) f. =-e7+3
(x) 3 (x) (%)
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Here is an example of finding the x and y intercepdf an exponential function.

Finding the x intercept.
Begin by substituting 0 for f

0=3"-4
4=3"
log4 =log 3
log4 =(x+2)log3
log4 = xlog3+2log3
log4-2log3=xlog3

Now divide both sides by log 3.

log4-2log3 _ xlog3

log3 log3
« = log4-2log3
log3
x = -0.7381

()

- 3X+2 _4
Finding the vy intercept.
Begin by substituting O for x.

— ~0+2 _
fy=3" -4
fhy=3 -4
fy=9-4

f 5

=

As you can see, this function has an x intercept of
approximately (-0.74,0), and a y intercept of (Q,5)

Find the key point to each of the following functios.

A) f ., =3"-2

()
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Match the appropriate graph with its equation below Explain why each of your solutions

is true.
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+ O+ o+ 4+ o+ 4+ o+ o+ o+ o+ + o+ o+ 4+ o+

+ O+ o+ + o+ 4+ o+ o+ o+ o+ + O+ o+ o+ o+

3( 2) x-2

3) Ty

2X+l _ 3

1) f(x)

— 23—X

6) fy

+2

x-3

> )

— _X+2 _
4) f,=-37-1
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Graph each of the following exponential functions.Be sure to label the key point of the
function. Find the x intercept (if it exists) andy intercept of each function.

— X2 _

g

i Y-intercept:

B :
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il

3 Range:
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— X+3 _
B) f(x) 2 4

g

i Y-intercept:
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Logarithmic Functions

fy =alog, (bx+c)+d fy =aln(bx+c)+d

Logarithmic functions will be graphed in the sameanner as radical functions. It is first
necessary to find the domain of the logarithmic fation. The range of a logarithmic function
is all real numbers, so only the domain needs toftbend. To find the domain of a
logarithmic function evaluatebx+c>0. Remember, this is n&t, because you cannot take
the log of zero. Once the domain is found, it wigll in which direction the function is
moving. This inequality will also help find the vigcal asymptote for the function.

If the x inside the log does not have a negative coefficient, the curve will be on the right side of the vertical
asymptote. If the coefficient in front of x is 1, begin with the key point of (1,0). From that point on, treat the
function just like an exponential function. Adding or subtracting to either the x or y values to find the new
key point making the graph shift.

If the x inside the log has a negative coefficient, the curve will be on the left side of the vertical asymptote.
If the coefficient in front of x is -1, begin with the key point of (-1,0) and shift from there.

*Once again, just like exponential growth and decay functions, watch the value of “a”, as it affects
the scale of the function. If the value of “a” is some number other that 1 or -1, find the key point
algebraically before you translate the function.

As the function shifts, it will be helpful to draw broken line for both the horizontal and
vertical asymptotes. It is OK to cross the horirmirasymptote, as you will find the key point
always rests on it. The vertical asymptote, howengay never be crossed.

fy =alog, (bx+c)+d fy =aln(bx+c)+d

Solving for bx+c =0, will yield the equation for the vertical asymp#ot The equation for the
horizontal asymptote iy =d .

fy =10gs(x—4)+2

Finding the vertical
asymptote.
x—-4>0 . o Xx-4=0
Notice the similarity in the procedures.
X>4 xX=4

Finding the domain.

Finding the horizontal

*If the variable x inside the log has a coefficient other asympwte'y —

than 1 or -1, the key point will be different. The key There is no real work involved

point must then be found algebraically. To find the x with findingdthe Pyor;]zontal |
: _ . asymptote. ldentify the vertica

value of tl_1e key point solve for bx+c= 1. Substitute e e equation of the

that solution back into the problem to find the y value. horizontal asymptote.
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fy =alog, (bx+c)+d fy =aln(bx+c)+d

fy =10g; X

el

The parent function has the key point at (1, 0)

fy =log, (x-3) fy =log, (x+3)

- —

The graph of this function shifts right 3. Noticthe key  The graph of this function shifts to the left 3. HE
point moved to the right 3 places to (4,0). new key point is (-2,0).

fy =100, x+2 fy =109, X -2

This function shifts up 2. Add 2 to the y value tife key This function shifts down 2. Subtracting 2 from ¢hy
point, and it is now at (1,2). value of the key point results in (1,-2).
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fy =alog, (bx+c)+d

fy =aln(bx+c)+d

fy =10g, X

el

The parent function has the key point at (1, 0)

fy =log, (-x)

T

The graph of this function reflects about the verél
asymptote. Key point is now (-1,0).

fy =109, (2-x)

\

Since the coefficient of x is -1, this graph wilketon
the left side of the vertical asymptote. Begintwihe
key point (-1,0), and shift right 2 because it isgitive.

Add 2 to the x value of the key point. The new key

point is (1,0).

fy =109, X

The graph of this function is reflected about the
horizontal asymptote. Key point is still at (1,0).

fy = llog, ¥

Notice the negative portion of the graph reflectabdove

the x axis.

285



Match the appropriate graph with its equation below Explain why each of your solutions
is true.
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The translation of a logarithmic function is almostentical to that of an exponential function. Jus
make sure to identify on which side of the vertiadymptote the graph of the function will resid&his

will determine which key point to begin with. Reméer to draw both asymptotes to graph the
function and watch for the value of “a” which wilaffect key point.

Graph each of the following logarithmic functions ly finding the asymptotes and labeling
the key point. Be sure to find the x intercept and intercept (if they exist).

A) f(x) =log, x+2

b

.

k4

== Moy oin G0 g OO

F

=
0
'
AT
'
o
[
—
o

L

R

1
W oo noin

Fi
b}

B) fi, =log,(x+3)

&
L4

== Mgy son G- 00 D

rF

=l
00
'
ymil
'
|
L
—
=

LA

N

1
[ e

Fi
b

Y-intercept:

X-intercepts:
Range:

Domain:

Y-intercept:

X-intercepts:
Range:

Domain:

287



C) f(x) =-

log, x+4

&
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E) f,=-In(x-2)

g
3 Y-intercept:
B :
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All standard logarithmic functions (meaning a funcion without absolute value symbols),
must have an x intercept. All standard exponentiagrowth and decay functions must have
ay intercept. Are these two statements true? Whgr why not?

In order to find the domain of the logarithmic function f(x) = Iog4(x+5)—3, we need to
evaluate x+5>0. Why must we use this inequality?

What is the problem with relying on a graphing calaclator to graph a logarithmic function?

Cubic Functions

The cubic function is similar to the cubed root.o¥ will notice similarities in the shape of the
curve. Translations are the same as any standarddtion. The range and domain of any
cubic function is all real numbers.

f.o=a(x—h)’ +k

()

Let us look at this as the standard form of a cullimction. The center of the cubic function
is given by(h,k). To find the x and y intercepts of the functiofgllow the standard

procedures of substituting zero for one of the vaij and solving for the remaining variable.

All cubic functions in this section will be giverotyou in this standard form. In the next
section of the workbook, we will address polynonfiahctions that are greater than"™ degree.
These functions will have no standard from with vahi to work. We will be graphing them by
alternative means.

For now we will concentrate on the functiorf ,) = x*, and translations of this.
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The parent function has the point of origin at (@)

fy = (x+3)3

The graph of this function shifts left 3.

fo=x+2

()

Graph shifts up 2.

f(x) = (X - 3)3

Graph shifts down 2.



The parent function has the point of origin at (@)

The graph of this function flips upside down.

frg =

5x°

Once again, note difference the value of “a” mak@sterms of the scale of the graph.

fy =(x-2)’-4

+ o+ + + + + + o+ + o+
+ o+ + + + + T + + o+
+ o+ + + + + T + + o+
+ o+ + o+ o+ + o+
———— —
+ o+ + o+ o+ + o+
+ o+ + o+ o+ + o+
+ o+ + o+ o+ + o+
+ o+ + o+ o+ + o+
+ o+ + o+ o+ + o+
+ o+ + o+ o+ + o+
+ o+ + o+ o+ + o+
+ o+ + o+ o+ + o+

The graph of this function shifts right 2, down 4.

vertex at (2,-4).
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Match the appropriate graph with its equation below Explain why each of your solutions

is true.

— 3 _
1) f(x)— X =2
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6) f,y=—(x+3)" -2



Graph each of the following cubic functions.Label the vertex, find all intercepts, and the rga and

domain of each of the following. Don’t worry abogiraphing the intercept if it is too far off the drt.
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Vertex:
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Vertex:
Y-intercept:
X-intercepts:
Range:

Domain:

Vertex:
Y-intercept:
X-intercepts:
Range:

Domain:
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Y-intercept:
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297



Piece-Wise Functions

The best way to describe a piece-wise function is look at a simple example. Consider the

absolute value function.

y=X

This is the graph of the functiony = X. In this case,

the x and y values of coordinates are identicalorF
example, (-3,-3). You can see the x and y values a

the same.

Now, lets take a look at what happens when we waertabsolute value of x.

y =¥

If the graph of y = Xabove is f(x) , the function to the

left is‘ f(x)‘ . We know that the absolute value of a

number cannot be negative. If we take the absolute
value of f(x) , it would cause the left portion of the
original graph to reflect above the x axis. Thissults

in all y values of the function being positive. This

where the graph of the absolute value of x comesnfr

It is possible to get this same graph if the lindainction y = xis graphed in the interval

[0,0), and the functiony = -x in the interval (~0,0). What happens here is a specific

section of two different graphs is drawn. If thes@o sections are placed together on the same

plane, it would result in the graph of/ =|x.

L

()

298

Such an equation would appear as follows.

x=0
x<0



Notice the graph of the function on the left hashele when x = 0. Since the function does not
exist when x is zero, because of the domain offilnection, an open circle must be used at that
point. A pronounced dot is placed on the functitmthe right, showing the graph of the

function in the interval x=0. This is how you plot a point when you have thegter than or
equal to sign in the domain of the function. Ifdth of these functions are placed on the same
plane, the result would be as follows.

£ o= X, x=0
=X, x<0

4 Since the open circle and solid dot are right orptof
4 each other, the dot would “fill in” the hole on théirst
4 curve. This results in a continuous function. the

1 T T R hole were still there, the function would have a

4 removable discontinuity. If there is a completegaik
4 in the curve, from one portion of the graph to theext,

41 it would be a discontinuous function.

The simplest way to graph a piece-wise functioiaggraph the entire function and erase the
portions that are not needed. This will be done &ach part of the overall graph until a
complete picture has been created. Very simplgjee-wise function is just as it sounds,

pieces of different functions put together to creatne graph. Some examples of piecewise
functions can be found in the Translations of Functions” section of this chapter.
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Graph each of the following piece-wise functions.

&

X+5, X< -3
A) f,=472  -3<x<1
X+1, x=1
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B) . ={—(x—2)2, X<2

© ,
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S5,
f, = —(x+3)2 +9,
H)
log, (-X),
fy = -1,
log, X,

Which if any of the piece-wise functions you justig@phed are discontinuous?

-8<x<-1
-1<x< 1

1<x< 9
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Functions Review

Graph each of the following functions. You need only label the key point or vertex for eacho not
worry about anything else. These problems are mtetarguiz you on your knowledge of the parent fuiwets and
the translations thereof.

1 fy=—Vx-2+3 2. fy=[x-3+2

C. C,
4 4
2 2
1 1
1"-‘:.-c--:-ﬁ' -1, 234 5 *}{ *-‘:.-é -3 -2 -1 2345 *}{
-2 -2
-3 -3
4 5
[ [
w w
1 X
3. f,=x+2 4. f . =|=1| -4
() 0|2
C. C,
4 4
2 2
1 1
1"-‘:.-c--:-ﬁ' -1, 234 5 *}{ *-‘:.-é -3 -2 -1 2345 *}{
-2 -2
-3 -3
4 5
[ [
w w
5. fy=-log;x 6. f, =3Ix+3+1
C. C,
4 4
2 2
1 1
1"-‘:.-c--:-ﬁ' -1, 234 5 *}{ *-‘:.-é -3 -2 -1 2345 *}{
-2 -2
-3 -3
4 5
[ [
w w
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7. fy=(x+2)’-4

m

-2

8. f,y=v—x+3+1
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10. f(X) =_3 X_3_2

9. fy=—(x+3)"+2
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2 345
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12. f,, =In(x-2)

=X+3

11. f,,
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2 345

g

*-%x-3¢-14
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14. f, =~(x+2)’

13. f, =-3"7-1
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Checking Progress

You have now completed the “Functions” section bietworkbook. The following is a
checklist so that you may check your progress. €keff each of the objectives you have
accomplished.

The student should be able to...

QUADRATIC FUNCTIONS
Determine the properties of a quadratic function standard form.

Find the x and y intercepts of a quadratic function
Find the range and domain of a quadratic function.
Find the vertex of a quadratic function in standarrm.

Graph a quadratic function.
ABSOLUTE VALUE FUNCTIONS
Determine the properties of an absolute value fuinctin standard form.

Find the x and y intercepts of an absolute valuenfttion.
Find the range and domain of an absolute value fuiumn.
Find the vertex of an absolute value function.

Graph an absolute value function.
RADICAL FUNCTIONS
Determine the properties of a radical function itaaxdard form.

Find the x and y intercepts of a radical function.
Find the range and domain of a radical function.
Find the point of origin of a radical function

Graph a radical function.
EXPONENTIAL FUNCTIONS
Determine the properties of an exponential functiom standard form.

Find the x and y intercepts of an exponential funat.
Find the range and domain of an exponential functio
Find the key point of an exponential function.

Graph an exponential function.
LOGARITHMIC FUNCTIONS
Determine the properties of a logarithmic functian standard form.

Find the x and y intercepts of a logarithmic funcn.
Find the range and domain of a logarithmic functian
Find the key point of a logarithmic function.

Graph a logarithmic function.

171 1 1T

I B

171 1 1T

I B

171 1 1T
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Checklist continued.
The student should be able to...

CUBIC FUNCTIONS
Determine the properties of a cubic function in stdard form.

Find the x and y intercepts of a cubic function.
Find the range and domain of a cubic function.
Find the vertex of a cubic function.

Graph a cubic function.

PIECEWISE FUNCTIONS
Shift the graph of a function without actually knoing the equation, i.e. graphing

f(x+2) '
[~ Graph piece-wise functions.

171 1 1T

.
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