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Objectives

The following is a list of objectives for this section of the workbook.

By the time the student is finished with this section of the workbook, he/she should be able
to...

Evaluate a simple logarithm without the aid of a calculator.

Express a logarithmic statement is exponential form.

Express a statement in exponential form in logarithmic form.

Expand a logarithmic expression as the sum or difference of logarithms using
the properties of logs.

Condense the sum or difference of logarithms into a single logarithmic
expression.

Evaluate logarithms using the base change formula.

Solve logarithmic equations.

Evaluate the solution to logarithmic equations to find extraneous roots.
Solve equations with variables in the exponents.

Find the range and domain of logarithmic functions.

Graph a logarithmic function using a table.

Find the inverse of a function.

Verify two functions are inverses of each other.

Identify a one-to-one function.

Use the compound interest formulas.

Math Standards Addressed

The following state standards are addressed in this section of the workbook.

Algebra 11

11.0 Students prove simple laws of logarithms.

11.1 Students understand the inverse relationship between exponents and logarithms and use
this relationship to solve problems involving logarithms and exponents.

11.2 Students judge the validity of an argument according to whether the properties of real
numbers, exponents, and logarithms have been applied correctly at each step.

13.0 Students use the definition of logarithms to translate between logarithms in any base.

14.0 Students understand and use the properties of logarithms to simplify logarithmic numeric expressions and to
identify their approximate values.

15.0 Students determine whether a specific algebraic statement involving rational expressions, radical expressions,
or logarithmic or exponential functions is sometimes true, always true, or never true.

24.0 Students solve problems involving functional concepts, such as composition, defining the inverse function and
performing arithmetic operations on functions.
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Logarithms are similar to radicals in that knowing what the question is asking makes the
problem easier. Although this is a topic that is completely new to Algebra II students,
Logarithms are simple. For example, the question log, 27 =is asking “To what power do you

raise 3 to get 27?” In this particular problem, 3 is the base of the logarithm. When reading

the logarithm, it is read “Log base 3 of 27 is...”

Properties of Simple Logarithms

log,1=0
log, a=1

log, x

log,a" =x and a™* =x (inverse property)

If log,x=log,y then x=y

Properties of Natural Logarithms

In1=0

Ine=1

Ine*=x and €™ =x (inverse property)
If hx=Iny then x=y

A standard logarithm can have any positive number as its base except 1, whereas a natural log
is always base e. Since the natural log is always base e, it will be necessary to use a
calculator to evaluate natural logs unless one of the first three examples of the properties of
natural logs is used. For anything such as In2 =, a calculator must be used.

When dealing with logarithms, switching between exponential and Logarithmic form is often

necessary.

Logarithmic form Exponential Form

log,b=c a=b

Write each of the following in exponential form.

A) log,16=2 B) log,3= 1 C) log,27=

3
4%\ Qe -z a*h :221

Write each of the following in logarithmic form.

A) 3*=81 B) 16" =2 C) 36“/2=-é—

1093 €17 4 02 |0925 'l =2

E) log, iIE =-2

472w

D) 16”7 =32
101 328 )4
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Simplifying I.ogarithms

Evaluate each of the following logarithms without the use of a calculator.

A) log,81=4- B)\ﬁlog“;g— V2
" Z
LL‘}—ZX ;/% -
o I = -
E) loggz -7 F) logy,s4=—|
3
(06 \/4)_4" -\
1
I) log81 27 ‘?7/;;r J) log, 32= '6/4
g’*ﬁ\ 5—* z_,q_x -
x- —4%=H
x 5/0( x =79)r
M) log4 8 N) log,,—=
4r="g Tr="f3
=z =%
%3 .3 eXT
e {7' x="Y3
Q) logy—= "IZ R) l?g128 2 _‘l/l
Apr “‘/U’ \'),%r -Z
VXl /\j" 217 =
2% 17\7’}
Y —"I’L x= ,’l '
U) lneIZ _ \,L V) 3log35 = 5

Y) log,16v2 =72

= \WWZ. 2+=9'9

X =24 2 37\'.:32/9

7* =200 %=?9
X:"fli

©) 10g5i/;_'§= d) " = byt
(90295

o
(51)* ()5

Z) log, 39 %k Zs

C) log,144 = (;

G) log,—-3=

n
<pinon

K) log, 0=
n
Solution

0) log,3="/2
ok =3
3’27&;3

7)(‘7,
X~ 'le-

§) log,16= -2
‘D)K =\
4r =A%
Y="2

W) Inl=p

2) log,933=""[3

1
D) logs 'ég: -7

H) log, 4= 2|3
=4
Q¥ 2%

2 -2
X=?/3
L) loglol— 9]

P) log, 6 =32X
T) log, z>* = ZK

In4x — 4ﬁ

|
b) logsr‘— s
(35 )
6)& (7,6'/95) -
7 2(51) Jz
5* :6'2/3
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Properties of Logarithms

The following properties serve to expand or condense a logarithm or logarithmic expression so
it can be worked with.

Properties of logarithms Example
log, mn =log, m+log, n log,3x=1log,3+log, x
log, -’3 =log, m—log,n log, xT+1 =log, (x+1)-log, 5
log, m" =nlog, m log, (2x+1)’ =3log, (2x +1)
Properties of Natural Logarithms Example
Inmn=Inm+Inn In(x+1)(x-5)=In(x+1)+In(x-5)
InZ=Inm-Inn InZ=Inx-In2
n 2
Inm" =nlnm In7’ =37

These properties are used backwards and forwards in order to expand or condense a
logarithmic expression. Therefore, these skills are needed in order to solve any equation
involving logarithms. Logarithms will also be dealt with in Calculus. If a student has a firm
grasp on these three simple properties, it will help greatly in Calculus.

Expanding Logarithmic Expressions

Write each of the following as the sum or difference of logarithms. In other words, expand
each logarithmic expression.

3x'y’ 2

A) log, —— B) log, 53/ xy

Y2 gxg‘jzz“"’jﬁg 10955 looy Q2
log25 Hloga ¥ -lotye 77' - [09,&39 0920 t (3 \0gz X*
104 2% 2l0g ¢+ 2l0g, Y - l0ge F w20 H5(logar 1075 bf)

[0(335 Yz \ocﬂs\ +4121sY)

C) log{f(x+1) (x-2)° D) log, X

log (P 02y e I
t/ar(\o@(m)&ﬂ%(\'ﬂ 104540 rlogax®—(logoll Hiox WP Hogg 2)
| {s1onfetD ¥ 212902) 0goti F2s%, [goll FH10 59 Hog52)

2fe- lwylxrt) iz \0‘5(*'2) |0gote F2geX ~[09oll -0 Yl 2
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I%ZWS )-C-\_O@z(X'D

\e1092 %(xn)?-\o%v&(x'D)
'[6(10423 Hwoz(m)%) - 1092&-\)
1o 100123+ \00)2 (w+2) ~Jog 2(x)

G) log,12x*\fy
liya 1zt o) aX3+ to@m \y/z

\0@ a2 13 ‘0@4 X“’VZ lww

x1-4
3

I) In .
In [xz-4)-1nx3
In B4 -3 )X
oL
I (2 n(x2) -3 X

K) Inx’(x+4)
Y2 W x3(xra)
V2 (e rinfcr)

312 Wnxtf2 Inxra)

3
M) m‘fx_sy

2 B0

2
’/z(\m*’rlmylnz@)
(310 14 Inyy -5 Inz)
168 Z/Z‘mﬁf"‘?ﬂh\ﬂ —5/¢mi‘

x=17
lo
F) log,, x+2

lU«?} |?_(‘k'ﬂ *\ozg rz()(l’z)

H) IOgs%)‘}i
\0{) %(@c@tjé/)%z - 0@(%2) 3
2lig2x9y3) -Yaz o5 2° .
2liog 55 Hloa¥o ey s1p?) - Yol 09 5=
\[2]0935 19/ [gen YHeloyz Y 2B o 2

J) m3x’y
\N3HN ¥ HnY

\n 2 ¥9 \nw\mj

Iz 10 X¥{x-3)
Y [Inx2Hinbe3)]
k2 Ink-3)

X

N) In
nx- \\/@—z) \lz
lx-"f2 \nix-2




Condensing Logarithmic Expressions

Rewrite each of the following logarithmic expressions using a single logarithm. Condense
each of the following to a single expression. Do not multiply out complex polynomials. Just

leave something like (x + 5)3 alone.

A) 3log,x— 510g4y+210g4
Voo ¥ ooy uy? ’r\D(yFﬁ
ooy «7\%

¥’

O) llog6+:1))logx+§logy
/%(1003\9 100y Y219 )
\00> \m\ji)

'\)0)3 \“ YA

E) 3log,x+2log, y+log,z+2
M5 X £ 1099 > e 1200
1095 %8y?2 + zw@@a
%95 ye +1q,5°

“)65 25 leol%

G) log,(x+2)+log,(x—2)—log,(x+4)
003 b 2) (D) -l fx14)

Ag N4
0‘03 X 4

1
I —3;[2ln(x+3)+lnx:|—ln(2x—1)

/3 m}h/%)}-— In(zx-1)
N IXeet3)% - Infx)
AN

ZX- 1%

B) 210gx+%logy
\00)7@ H
109 X9y

D) —10g316—-llog3x —2log3y

\UO)’:S oo\ \)0)3 - \06 3\ﬂ
\0%575 l%@ﬁ \ g\/j
1093 Sor T

F) —-10g2x+210g2y 3

// (loo)q)w z\wyvpfs(\)

3 106 2% ]2\ 2Y? - 3\00)22
W’Qz X(OZ -\;%22?

looL)fL?I/'z
H) —log(x+1)+ log(x %g—llog (x+5
15 Pl ()P Yog - ?%(Nr@)ﬁ
310 XH)Z 2
ll ’ (WD( )
MD= 2
0@ )Q»f

J) In(x+3)- ln(2x+5)+2ln(x 1)
N3 )- 1N [2x18) + InbeD) =

1 ) (x-1>
RS
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K) %[ln(x+3)+21n(x—1):|—3lnx
Fo [in 3y In(x17 ) |3
VL W (\\’3) ()\—DZ e
n DAY - v

n %2

M) 1+1(2)g3x 2

‘,/L(\ ‘\’\00) gX)

o ory53 Ho@gx)

L) 2ln3+6lnx—§ln27
IN37Hnde S\ 2773
N9 Finx®=1n4

N) lnx—2|:1n(x+2)+ln(x-2):|
| WX -2\ n(xz-4)
VX -\WN(xZ 42

InGE=

'\[2 \\)6357\
\D@z@

Practice Using Properties of Logarithms

Use the following information, to approximate the logarithm to 4 significant digits by using

the properties of logarithms.

log, 2 ~ 0.3562,

A) log, -6—

\D(Jj;\\f ’\D(%a\'b
2402 +loon= 10905
0,20WZ +0.5upae-b%21)
0.04927

D) log, 30
\ooylsu 123 + )o({)g,g
0.35UZ +0.5y .
757 o327

log,3~0.5646, and

log, 5~ 0.8271

B) log, 18 C) log,100
100)  (2-1) o (£+57)
03602t 2ABUA) 2(0. 2002 )-2( 22

|. 43804 2.3y
E) loga«/§ F) loga\/%
2 |0 ,% o oy 75
)2 (o. L4te) 2 (925 Hogy 3)
0.2923 ’/z(roqmzﬂlog@)
12(002% +1099
1£0-5 edte) H0-927]
109
H) log, 15 II) {c;bgq_ 547

\ | Zlt)a ‘
lf(loa)m 6H | 2{jog zﬁv@ﬂzg\))

30 409 2oy, 2 Y2 3

5(-6\0e . 5277) 2107 +4 109

-‘I‘(g%ﬂ 7.49002



Use the following information for letters J — R.

log,, 2~ 0.3010,

J) log,,28
|%ao LH"\D@\oj
20962 + lo@“)’]
2(. 30m)H 8457
1-4A471)

M) logm\/ﬁ
"Ql,'l%\oqg
4 (looz +ogueh)
410902 + 219907)
ALY Hlogye1

- [0.3010) +0.346)
0 999t
P) log,,— 300

106‘0)40(30300
log(o‘ (10253 k|05|o‘°°>
)= logy03 \(’ﬂ‘olw
o—om‘n-Z
-2.9T1

log,,3~0.4771, and

K) log,8
M)\o 2’
é \O@lo
2(:2010)
0.90%0

N) log,, 20

\0(1)}02+ \0610’7)
0.3010 1)
|.201D

Q) log,o-;-
1‘06|o| - \O‘ﬁloa)
\06‘0 |~ 2\09)\03

o-2{o &A1)

-0 AL

log,, 7~ 0.8451

L) log,,4.5
10z
'a@\oﬂ [07102
Hogo® ~ 1071072
20-4771)~ 6300
0.@Wh37Z

0) log,, 210
09102l + ‘Oﬁlb 1%

lOﬂtng }0@;17—77" )Oﬂ)ob
b AT H0%45) T

7.32722

R) logw\/a
& ID@\O 4z

7(\06;0&2 ¥ |0Q;\o7>
'\’(\o O;H w2t w’))

Oﬂlo—] ol '
‘J’[o Lir’ﬂl)*’z 0.3000 0? F40)

0.\
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Base Change Formula

Up to this point calculators have not been used to evaluate logarithms. Remember, the logs on
all calculators are base 10. If a calculator is used to evaluate a log with any other base, it will
not give the correct estimate unless a specific formula is used. The following base change
formula will be used to evaluate any log with a base other than 10.

log b= logb

a

- loga

The terms loga and logb will be evaluated with a base 10, which means a calculator can now

be used. Of course natural logs are always base e, so there is no need for a formula with
natural logs. Each calculator is different. Be aware of what keystrokes are needed for your
particular calculator, whether the log must be entered first, or the number first. Be very
careful about grouping symbols when entering these types of problems into the calculator.

Using a calculator, evaluate each of the following. Round all answers to three decimal
places.

A) log,12 B) log,17 0 log3—;— D) log,8
2 e | 1 g
ooy Ay \ooy 8 0%
2.202 167 | 4D | 500
E) Kgﬁé F) log,(-35) G) Inl4 H) In3.26
oy 12 no L |.192
—“%—(T’ aoluion
—1.287]
I) ln% J) In0 K) Ine L) In6.2
: Al ;
~0.f13 soloton | |.825

Why can’t you take the log of a negative number?

Thikdng of the quedion Yo Sk yogeht with 104D, You have
“To what power Ao T raise dtogerb?” As we saw with
eXpoential funthong, you Lannot yoise a hunber o 4
POV o0 ke, it neagiive.
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Solving Logarithmic Equations

Here we will solve some logarithmic equations. There are a couple of ways to solve a
logarithmic equation. One method is to get all logs to the left side of the equal sign and
condense the problem so there is only one log. The next step would be to write the problem in
exponential form and solve.

Another method involves one of the properties of simple logarithms. In particular, the
property that states: “If log, x=Ilog,y then x=y.” Ifthe equation can be manipulated to

resemble this property, take what is inside of each and set the two terms equal to each other.
This follows the same principal as exponential equations where the bases are identical. If an

exponential equation states 2**** =2’ ; it stands to reason, because of the equal sign, that
3x+4="7. The problem would then be solved from this point. With logarithmic equations,

the problem log, (8x—5)=1log,12 can be written as 8x—5=12.

Always check for extraneous roots!!!

Solve each of the following logarithmic equations. (Round any solutions with decimals to three

decimal places)
A) log,x+6=28 B) 2log,x-4=1 ()} 5+210g4x 4
loaﬁx =2 2100y 3X =9 Lz ‘0@‘\

IDQ):

9
o ke real i
i%:;‘" Y7 V6.5 | 71034569 4 1o

- 4994 | w2
D) log,x-log,2=5 E) log(2x-1)=0 F) log(4x+8)=2
'%3 =5 ‘Doz 2%=) \02'4»)Q-\'g
:7)'5: l‘xz— h»zx:—\ {00 = -}'X\’%

—x |eof ) ¥B)=1
3 =245 /48u oy 25 \”/'\_M%wy =0 4x =2 7,";'55\% =T

r=ABLe IOOg‘ZA% =5 6=06 T—S(’Z;? 1=z
b=5
G) log,(x+5)+log,(x+3)=1log,35 H) log(x+3)+log(x—4)=1log30
| (2 ¥ct) = 1929557 ) (9% 712) <hog¥0 HoaB<(t?
X? ¥ xHb, =82 6= 1239 Lo 7“’%
-39 -20 U\/fl(ﬂ;lﬂogg B '023 30 ”60 l%%o;[%go
X? §B% 20=0 36=1933 XT-%- 42 =0

S P ) SR

REARyE %= ORY
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D log,3x-2=2
‘06 2, B\ =4A
2% 2%
% =%\
vl
-27,

N 22

L) log, (x~2)+log, (x—6)=log, 13

J) log; x +log, (x+4)=4log, 2 K) log, 625=4
\0@6(XZ 4x) :\w&bz‘k xtew2s
S, _ 4
X zﬁiiiw ‘\FK;} 2%
Y rdnia = \otd W
(L P o) N
R e
Xz =5o A=

%”Zt@ R':“Zf\% ,
M) 2l%g3x—log3(x—2)=2

log ﬁ()\z;xxlr\ﬁ 40/37 13 (03 ’&{:2 -2
JoG213 X -8R HL 1L Z_xZ )
- 3 “x=
e (-OXE T )
Y -x Hig= Ve %= >")E72_
By~ (2 ()" =le X2 A<,
T4 = IR X=x =0
0 var =4 X\ (x-Yx -3) =©
Y- X -=2
X L ERARL X =g XT
N) Inx-In2=0 0) In(3x+5)=8 P) In(x-1)=32
W %-o ef=2xto € = -]
“Oo;% ﬁ:tg«é ¥=€3 *_‘
(20= 3{2) <= €5 X 25.533
- 5 O ,
X NP IRZT) S 65-)=5.2
%"“ 1250 .\LKT,\B(M"ﬂuM@:g 2.2=3.7
0=0 £.00100=¢
Q) log3(4x—2)=log3 (x+6) R) ]_n(3x-2)_—_4 S) 1nex+7=10
A2 =X xio et=zc2 (x+Dine-1o
B S TR & r7d A % X +7=(0
BR=¥ = X=3
x=5/s X "’C——;ﬂ e —
. e )O_
%53(4( 715)-2)= I (% He) 8& Xig.guw e an“f;C :;:)O
335 -g Velagu (& 5 Thials Swe-2)- "
W35 - )=gg u lo=to
, _ : A=
o35 ~lays 22
T) log,(x*+7) =-§—loga 64 U) log,(x+3)+log, (x~3)=4
‘05"&2*’—’3"“”5“\ ™1z loy2 (k2 ~1)= 4
(0)alE¥F N =107, 10 LY L i
SR )= X 2l TTog8) g (24
NN U =0 (Oaztwj;»‘r
N=fz ) _ 2/3 - A=
I0ja(@r7) = ate

A lie =1 04alL



Solving Exponential Equations

You will now be solving exponential equations. Logarithms allow you to solve equations with
variables in the exponent. We have dealt with these types of problems before, however, in the
previous examples the bases of the problem could be made to match making solving the
problem as simple as setting the two exponents equal to each other and solving for the
variable. When ever you come to a problem with the variable in the exponent, and you cannot
get the bases to match, you will need to solve the problem using logarithms. You will be using
all three properties of logarithms to simplify and eventually solve the problem. You can take
either the log or natural log of both sides, it makes no difference unless e is in the problem.
In that case, you must use natural logs to solve the equation.

Solve each of the following exponential equations. Round solutions to three decimal places.

A) 3% =5 B) 6* =300 C) 123)‘“:72
ligy 52< I |y 0**= 0 200 1) 2= |
YA i o= 1oy 30 (%XH}\DOP \003‘“
Y= WP < 169300 ")
T T Y BN _ jog4q -log
(22 iy 3\og\2 \0A)2
\C/\/O\ D& - 0. 790 2»’00)
A N
D) 5x+2 =35 E) 45””'8 8"'1 F) 93x+2 27x+8
|0L‘j5’(ﬂ: o 35 (7, )*)X’r%’ f)x ] (732>3ka ,:(%S)YWS
(\d/z)\wléz. b\%g Z’OX |’“P Z/gx'—-g -%L@X{’L-\»_: ng\ 24
X\ H2lgo=01m3 [0x Flle=3x-3 Ix="2D
A e %= 20
Xlogp =By -2l — =
\0g)% | 0036 v~ -_\%l_
X% 1.413
G) 123x—2 =85x+1 H) 56x— 62x+1
loﬂ 26\4’1 ",%\26)”—' '06 6(.0\( 5 _ = oo 2% )
\2x-Dloglz. =(Exlogg (ox-5) logh = (zRM\wye
gxlogle ZW)V‘ A N (x| 0o ~BLogo= 2xlege H Lo
% |oopz ~Gxlag g Tloag aeaiz lox 10g5 ~2x100y0 =Logye +E 1095
WBlojlznloag) = M\Z % (letogs - 20 =100y FOlono
3\A42 -Dlogy 3\ ~O13 (21090 ~Z\cgye 2logs-2l0300
Y2 —2.290 x=\0QR ol
k109D~ 2\ 175
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I) 4e3" =40
€¥*=10
lne” <\nlo

ZxIne=INId
2% =hjo
“; l‘l—
x=ln 3

X A0 . 1ug

L)Xer 3 +2= 0
\© -2 \gx)=0

oX=7 =)
inc=\n7  lnet=in)
Wne=InzZ s In)
=W Y= W

=0z x=0

0) 26 +¢ —10=0
(Q:Cx %‘}\_@a -0

Jer =Tox LT
e e X =
nex=Ing  xine=Ant
Wne-in% ¥\
N ”-'\n'b/l Yy =0 W3
Nno
SOuFion

1
R) logs (log4 (k)gé x)) = —5
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J) 1200¢* =900
a
< =17
lner=InS
Yine=\n
v — i
x =\ng
X.= -0.735%

M) & —5¢° +6=0
(ex-2fe~2)=0
o €3
el =\ ner=\n3

wIne=\nz x\ne=\n3
NSOV IR S\l
Aoz ¥

P) 52 ~7.5 +10=0
(pk-T6* )0

p¥e1 579

‘\n@\ﬁ'«\‘\\'L
w\no=\nt

X =\nZ
%)

—vbtq%\ X:‘

s) log, (log:¥)=1

|0y 2% =

o
\oqa ="
§E=x

psTa

3e™ =12
€% =4
e =y
A e = A
Ax =N

X =\WA
A
X -0. 6"‘.‘

N 26 -24=0
(errue* - 4)=0
X~ p ”tﬁx"’q'
Lner=n-te \‘ﬂ'e/x =Wn4
wine = Ih-Le \/.\\’K/"\Y\A"
% j\—én 0 x=\Wd
SN . el Y

3 45-37 -14=0
(B R -2)0

2% < -7) 2= <
A R AL
VIR LR S
\\D \\n6
ERTESTTORR &

T) log, (10g27 x) =-1

ooy 3% ="
37 =X
%=15

\0(57:!7& :\/3



Finding the Domain of a Logarithmic Function

Since we can’t take the log of zero or the log of a negative number, we can find the domain of
a logarithmic function using a simple inequality. Set what is inside the log greater than zero
and solve. The result will give you the domain of the function. Consider the following.

fiy=alog, (bx+c)+d

f(x) =aln(bx+c)+d

The variables a, b, c and d are used here to represent numbers that could possibly be used. To
find the domain of either of these functions, evaluate the following inequality: bx+c>0.

Find the domain of each of the following logarithmic functions. Be sure to write the

domain using interval notation.

A) f, =logsx+2

X70
(0,c)

D) f, =log, (5-x)
©-X70
%<5
(-6, %)

G) f(x)=ln(2—3x)
LR -ZK70
ADESYS
x<%
(’OQ )’Z/:\ZJ
J) f(x)=log2|x|

1% 70
07 X770

[~o=,0)u(6 o)

B) f, =log,(4x-1)-2
4% -\"70
4Xx 77]
X7 Ya
(V4 o)
E) fx)=log5(—-x)+5
—-X 70
X< 0
(-o=, 0)

H) f, =log,(x+5)+1
Xfovo
X7-5
(‘6/ (70)

K) fy=log,
X70
(0,00)

O) fx) =—log, 3x
3%70
X720
(0, =)

F) f,=Inx-4
X70
(0,09)

D f,=mn(x-3)
K=3906
X73

(3,09)

L) f,=-In5x+1
HX 70
X 70
(0,0)

Explain the difference between the domains of letters J and K above. Although each
problem contains an absolute value, the domains are different. Why is this?

For examipte T 10 Can o YO anyy Nalue Tox X, os \onny, o 1S
not 2ex0  and At the problem JTO fivd the value of v

Jou wusk use, the standand method of bx+C70
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Finding the Vertical Asymptote of a Logarithmic Function

fiy=alog,(bx+c)+d

f(x) =aln(bx+c)+d

To find the vertical asymptote of a logarithmic function, set bx+c equal to zero and solve. This
will yield the equation of a vertical line. In this case, that vertical line is the vertical

asymptote.

Example

Find the vertical asymptote of the function f, =log, (4x-3)-2.

X =

4x-3=0 Setting the bx+c term
equal to zero results in
4x=3 this equation. Simply
3 solve for x, and we now
— have the vertical
4 asymptote of the function.

Find the vertical asymptote of each of the following logarithmic functions.

A) f, =logsx+2

X0

D) f, =log,(5-x)
=0
G
X:

178

B) f, =log,(4x-1)-2
Ax-1=0
4x=|
X~
E) f, =logs(-x)+5

—X=0
% =0

H) £, =log, (x+5)+1

Xto=0
X5

K) f(x) = |10g3 x|
y\-:_

0) f(x) =-log, 3x
3x=0

x=0

F) f,=lhx-4
X=0

D f,=In(x-3)
X~3=0
X=3

L) f,=-In5x+1
px =0
X=0



Graphing L.ogarithmic Functions

fix)_—.alogn(bx+c)+d jzx)=aln(bx+c)+d

The parent functions for both logarithmic and natural logarithmic functions look almost
identical. The following functions will be graphed by setting up a table. When faced with the
following function: f(x) =log, x, find the domain of the function first by evaluating

bx+c>0. This is done to ensure that only appropriate values are substituted for x. The
values that should be used for x are powers of the base of the logarithm such as

L l, 1, 3, and 9. The values used to substitute for x are completely dependant on the

9’ 3
base of the particular logarithm in the problem. When graphing a natural log with a table,
any number in the domain of the function may be used. Using a calculator, get the decimal
estimates for the y values of the function. DO NOT FORGET to plug in fractional powers for
both logs and natural logs. The fractional powers will give the tail end of the function. Be
sure to plug in the fractions that are right next to the vertical asymptote of the function. Note
in the following picture the graph does not cross the y axis. That is because, in this particular
example, x =0 is the vertical asymptote. By now, you should be aware that the equation
x =0 is the equation for the y axis. Remember, always find the vertical asymptote of any
logarithmic function when graphing. This must be done to ensure that it is not crossed. The
range of any normal logarithmic function is all real numbers. The only time this will not be is
the case is that of example K in the finding the domain section on the previous page.

Remember, most people forget the tail end of the i /f L= log aX
Sfunction. Do not forget it. Make sure you note the rise . . A _ !

of the function. The function makes a very slow - ;(
gradual rise. It is not steep. 5

Normally, we will be graphing these functions by means of translations based on the parent
Junction. This graphing portion is meant to give you practice at using your knowledge about
logarithms and how to use powers to graph the functions. There will be an entire section
devoted to nothing but functions later on in the workbook.
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Graph each of the following by setting up a table. Identify the range and domain of each
function. Label the x intercept of each function. We will deal with y intercepts later.

A) fy=log,x

\%3 4=“Z

B) f(x) =log, x-2

‘% 4—,’- -7< 2= 4

lOﬁ ﬂ}—qr"z“ -

Voo

|-

,2‘5
Z.— —

9z \-2="
\644—2\

\ o |

¢ 2 °
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\

-3
27 -2

A,

9

8

?l

6

5

4

3%

2 =4
)
ZEAREERS

»

<
L
5 3
o
A
4
£33
kL
£
f.ot;.)' -t
-H;\.x
b

]

! 032"-\!(15%}1..&
3

Domain' (0,00
pange s - )

x|y
A _
4 72
%
3
\ 0
3 |
9 2
x| Sy
T |-
w |°*
4 L
P 3
| -7
4 |-
v o

.4,,’

9

8

7

6

5

4

3¢

2

4

' lg,0)

858-76-54 329, 123 "“Fﬁ'—‘-?;“(‘#

A b oof .
i

o
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©, 0 < D

Dotvuin - (0,20)
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C€) f =-log, x

,-l 2' /fz) Z
~logyz /2= D=

g2 1=
- ‘%7/2‘:'()35 \

’\064,4'7' K4

D) f, =log;(x+1)

xH7(]>
X7~
4.

D{f) (Z.,‘,D ,\ogz‘g =
4o+~ \‘)9' =0

0@3(1*"7 log 3 =)

\0g % L) =\o31” =

poman
Jdaae
X170

X7

-&M&:.amcnqm U~
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A ,LE) Jog =Inx+3
injo 3= wi=1 x fiy X
.
Ny +3=\-¢ B - :
\n1y3=3 ‘ 6
N2Zrz=a-1 % .4 ;
\n3re=4: ‘ 4 4
: 2 B . ?
*/\Y\T 3 4 \ EEEEY -
-0 . €731 )ingggqi’
\nXt% 5 s
=2 ;
%=t > ¢
=09 f
L 4
Domai iy, (OPQ)
\7-0\\"\(3{/_ ('GO,5Q>
' F) féx)=ln(x+2)
Inl-l.gr2)=—1v x £y .
In(-).o 8= 13 ;
() YO=° 1.9 |-0.7 _é
\n(o+D=% — 6 :
\n(2¥D)=\ 4 o lo.] 1
2 : ;
|.4 RN 2k
Doman’ N ,tfj‘s ) 4
_—\—; Xt ‘ ml - ERELNEERY
2 i -2 g
X270 | (=0 1o
X7°% €P-xt< :
)= }Y<
\(-—___-‘ Ny ﬁ
Domain: (-2 G0N

Yooy (,60 ’003
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G) /i, =log;(-x) x | S o]
B e :
logy3(-(-¥8))=") K °
=0 “’,l— —| >
oy {1 > 4
Jog2(- (37 -1 |0 N NAAL \
1095('('@)):2 -% \ P ~\ o) N
9 9 -9.8-7-6-5-4-3.2 - 4 1.43456 788 5y
Domnin® |
—%70
X <0
Domain: [Fe<,0
povopet (oo o)
H) f,=|log, ] x| A i
l\%,ﬂ/q": ’L—' (& “j—— Z 3‘
|iog = ) =) L
fogz 1] =10l*° Lo 3
AR 2 |\ 2
)\o@ill \\\_ ! )
\IMZA,\T’\Zl“Z 4/ 7 ¢ 8-8-7-6-5 -4 ) -1 \‘/4! 3 < glf i 88 *x
-2}

Do’ ( ()Pg)
gAY L0 o)
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Finding the Inverse of a Function

In the past we worked on “function operations,” in which we added, subtracted, multiplied,
divided, and found composite functions (refer to page 68). The next function operation we
will go over is finding the inverse of a function. If a function is denoted by f(x) , its’ inverse is

denoted by f(;)' . The “-1”is a superscript of the term, not an exponent.

Finding the inverse of a function is a 4 step process.
1. Replace f(x) with y

2. Switch the x and y in the problem.
3. Solve fory
4. Replace y with f(;)l
A function only has an inverse if it is a one-to-one function. This means that for each y value,

there exists only one corresponding x value. Simply put, a function is one-to-one if it passes a
horizontal line test.

Proving whether or not two functions are inverses of each other is a different matter. Two
Sfunctions f(x) and 8y are inverses of each other if and only if the following is true:

(

If both composite functions f(g ) and g(f ) equal x, the functions are inverses of each other.
) ®

)=x and g( )=x

8(x) T

The official definition states: f(‘g )
®

g( ) =x for all x in the domain of f.

=x for all x in the domain of g.

)

Here is an example of finding the inverse of an exponential function.
Sy =3"-1

y=3"—1  Replace fix) with y.

x=3"=1  Switch thex and y.
x+1=3 Solve for y by adding 1 to both sides.
log (x + 1) =log3”  Now you need to get to the y exponent, so take the log of both sides.

log (x + 1) =ylog3  Pull out the exponent y using the properties of logarithms.
log(x+1)

log3
=log ( X+ 1) Use the symmetrical property to switch sides.
Y 3 Using the base change formula, you can rewrite the log with a base of 3.

RSy

Divide both sides now by log3.
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As demonstrated in the previous example, the inverse of an exponential function is a
logarithmic function and vice-versa.

Inverse functions are symmetrical to the y = x axis. When an exponential function and its’

logarithmic inverse are graphed on the same plane, the symmetry is apparent.

+y

P

N

-7 -6 -5 -4 -3 -2 -1 0

-1

i
ya )

Drawing an imaginary diagonal using the line y = x, the functions could literally be folded
along that axis, and the two functions would line up on top of each other.

In the following exercises you will be asked to find the inverse of a logarithmic function. It

should be obvious that the inverse of a logarithmic function is exponential. In order to get to
that point, the problem will need to be rewritten in exponential form.

Logarithmic form

log,b=c

Exponential Form
a‘=b

Here is an example of finding the inverse of a logarithmic function.

fig=log, (x-2)+3
y=log,(x-2)+3
x=log,(y-2)+3
x-3=log,(y-2)
log, (y-2)=x-3
TP =y-2
T +2=y
y=T"+2
fy=7T"+2

Replace f( x) Withy.

Switch the x and y.

Isolate the log by subtracting 3 to both sides.

Using the symmetrical property, the log is easier to see like this.
Rewrite the log in exponential form.

Solve for y by adding 2 to both sides.

Again rewrite using the symmetrical property.

Replace y with f(;;
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Find the inverse of each of the following functions if it exists.

A) fy= L
, 2
% ‘;JZL,)+5
X375y
S4=%3
Y=ol
£ roxe

D) f,=2"+1

X=2973
xlz‘ds

l00)(x~13el0g 2 772
log(x-D={y=)leyz
lOg(x D= =Yloy2 Bloog2
‘*Wﬂl“‘wﬁ Lo

Y ﬂ_ oog(x—\) 1%_'

lo Z
O? ’(x (n-ms

X \oau%

‘%u‘{; =X
* <
G0

F )= (ex

1 fy=—x—4+6
Y=y A v
WY—-«(\Q%)Z note (—Xx
~r=bee)” ﬂ'\%&;u%]uom
RN ST )
Flgo) =ty ™4

x—e)*
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F =ts

E) f, =33x-2
(%)%= (\]ﬂM-’L

X2 =5y-2

SL:PUX 3?1
S
_;‘g)& _\—Z—

| ;XE_"_‘Z.
Flge)

H) f,=In(x-2)
X =(u y2)
N (&JW) =X
RN =y-2
er =y
Y =2
0=

K) f() (x+3) -2
X= \1\673—'2
X2={yr3)3

[N wey
Y= SX\"L -3

+ 63

D %= \ 4_(\(#’23
% gj;rﬂ\ N
(\dkz.)\ A= [O%X
ﬂm@m% >logx
AN %Xhﬂ%ﬁ& zley!
10A\\G =
lj\co) 00)\ ¥ a4 194

t 60 loke OF l[xﬁ%y‘l
F) fi,=4(x+1)"-3
DX®S not ey

Not a4 one -fu-one
Fundrion .

I f(x)=210g4x—5
=2y y-o
Loy Y -o=X
log 4y =Xt2.
%*9 -9
‘0 44‘/71\ xt5
F7160=2
L) fi,=3""+1
X=39 77
\ — :.3&3—10
\0%' 2720 - \003(%‘\\
(Y=20)logy3 = (008 )
Wlooy 3~ 2000y3 = 109 (1)
WGB3 = [oox- F20V93

1092

%“Mrw
lony>

£ = togp™ k20




Interest Formulas

There are three interest formulas commonly used in mathematics. The first is the standard
interest formula. We will not be using that formula in this section. Instead, we will
concentrate on the other two. We will be working with the compound interest formulas.
There are two formulas for this. The first is a formula for interest being compounded a finite
number of times per year. The second formula is for interest compounded continuously. For
each of these functions, the variable time, t, should be in years. Which means 6 months is .5

years.
Standard Interest Compound Interest Formula Interest q'ompounded
Formula continuously
nt
A=P+Prt A=P(l+£) A=Pe"
n

When using the compound interest formula, what does the variable n represent?

The # of Himnes (,ompounkd PR Year.

When dealing with the compound interest formula, your questions will always come in the
form of word problems. Write down the word associated with the number of times interest
is to be compounded per year when dealing with these word problems.

# of times compounded Word used in the problem

once | | ahnually
twice | |co) 1y —ANNUA \\\\A’
four times auartein
twelve times N HALW
twenty-four times Sm\ - YY\(;V\\’\’\\%

Explain, in your own words, what compounding interest means.
when alculotivg the balance of an inorest  the previous
inreresy enened is added o the balank and used fo

Coppic e Cuavrent palance
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If you had a choice to invest a sum of money into an account that yields 7% interest
compounded quarterly verses one that compounds interest semi-annually, which would you

choose? (1 oY M‘ (O

Answer each of the following.

A) If you invest $2500 in an account that pays 12% interest, compounded quarterly, how
much would you have at the end of 17 years

A=PUR )Y A= o0(1F 2D
P= 200 P 2500 (1.03)8
\g: ;‘j— A= $1¢ 68,2
Lo

B) How much would you have to invest in an account that pays 6% interest, compounded
monthly, to have a balance of $30,000 at the end of 10 years?

A= Z0000 30000 =P(1 52 ae)
V= 20000 p (o)
(= .00 Gow)™ " {ooe)e
n=\z 0= Bl,4%8. U
=10

C) How long will it take for an investment of $2,000 in an account that pays 8%% interest

compounded quarterly to become $15,000.

A=) HO0D 120_@'1 2000(| - E2Ye
Yj o5 “1.m= (. 020 w)Ft

. At loa(]02125)  _ lony 1.5
Aoy (1. 0212%) " a160(1.62129)
L& 72 Aones. € TAWES.

D) How long will it take for an amount of morrey to double if deposited in an account that
pays 4.5% interest compounded monthly?

(= .\;0% 7_,?&,,1( p‘ﬁ_llb
N\2
= () =22
(1053710 \“v“-
188 247\%&\%3%)_ lon
210,01 003 19) \z\%r(l 003719)

/\4 l,~.




E) At what interest rate must you invest $10,000 to have an ending balance of $72,000 at
the end of 14 years? (Assume interest is compounded quarterly.)

APUEFI 7200 _ locoo (1Y
050> f= a4y

P= 10000 R [TTR CT
(= o V=.1430
-4 IHe=299, Y=14.357
N
= a2

£=14

F) If you invest $26,000 in an account that pays 3 % % interest compounded continuously,

how much would your investment be worth in 18 years.
A= 210000 €l0 35J¥)

A=TPer ¥

P=2u000  A=2000 €793
- 0% A= $42,811.3%

E=\¥

G) How long will it take for an amount of money to double if invested in an account that
pays 9% interest compounded continuously.

A=Pe'® Lo06 = |2
et
2P = Pe o 0a o4
% v £%7.TYesS.
f? - e ot X
= 0%
InZ=1ne
\N = 0961
H) At what interest rate must you invest $10,000 to have an ending balance of $15,000 at
the end of 9 years? (Assume interest is compounded continuously.)
A=Pel® Ye=Wnl.5
M——: LOCO vy aq _/'4’—
10 000 JpO00 Y& L 449
6‘4‘;].6 4},‘0@0

Y= 1.5
a\ We=n.g : :
How much must your principle investment be if you have $30,000 after 16 years in an

D
account that pays 7.5% interest compounded continuously.

A:_ VeY&
36000 P, (712)10)
20000 _ pel-2

T g7
= 20000
o)z

P=9,030.83
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J) Complete the following table to determine the value, A, of an initial investment, P, of
$15,000 into an account that pays 6.5% interest compounded n times for 10 years.

n 1 2 4 12 365
A 231571, 0 17942),01 [7858%.2% 123082 Tw [29773).49
P=lomo  (=.00p t=l0 A=PrR I
= n=2 N=4
- w9 \lo
A"ﬁoggob(f oo o il P o o0 S48 J*°
- v - 2.0
: fzé,(m.w R A= 10W0 (0325) = 1500 (], Olwzfﬂ‘“’
fLS’,-LF?ﬂ.ﬁﬂ 5%3 3
=12 78,085, %8
- " .00L% ‘ (900
A W)D()Q\H’—Eyw A= ]QM‘V.:\;U: 3
T W2 e 7% 13) 4%

K) Complete the table for the time necessary for an account to triple if interest is
compounded continuously at rate r.

r 2% 3% 4.5% % 12%
t 04 AyYLs 302&@3\’3 ‘M.L\xJ\\s 1279w [9.2 yrs
A= PQ‘\‘E A
20 p 02k 2p= pe O3 3P2pe UTOE 2Pz pe 0T
—_— :‘_“C . ' "b - v O%L — . O‘HZ)
PV 3re VY 3=¢ %= ¢
3= ~€‘0% In3=10e3E  Inz=lne A7 n3=)ne 7
In3=\ne % n3=.034 Ne=.0494 Inz=.01¢
)ﬁ%‘—-;D’Z_t 0% .03 by -0 07 07
"O/Z' 0z “b’\‘%bu\j\g 'b =14 \4‘\/3(5 ?(6 ) 7%‘@
1% 9‘}%3(5
3\).:_ @6,(2b
= e 2t
ne= A2t
190 AN
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Word Problems

A) The demand equation for a certain clock radio is given by p =400—.06¢*** . Find the
demand, x, for the price of p =$99. |
P= 400~ o ¢, O -0k (e 00 03x = 1132

I =400 - Ong € 0+ 0" o.mz\a\m—/m?—o@

".Ol:". i -003x
@ Yot 0 003X |y
5= 0 002X = = 0w
bOle.we(p = e 0.0073 5,003
0.003X 3.0\
€ - 20 =" Se XX 2840 2
B) The populati‘o(ﬁt%J where P is meastt&Pin thousands, of one city is given by P =30e".
In this particular model, ¢ = 0 represents the year 2000. In 1990, the population was
52,000. Find the value of k& and use the result to estimate the population of the city in

o S R e
0 0% gy gopulion n 2018
-0k Ine=In g5 vTu(\tD/st)D [> Approximiitly 195206

On the Richter scale, the magnitude R of an earthquake with intensity I is measured by

I
R =log,, A

0
Where 1, =1 is the minimum intensity used for comparison.

C) Find the 1ntens1ty of an earthquake that measures 6.5 on the Richter scale.

0{\(0 AT =e.5
N

Uz.%-\og,o.r \0¥ =T
lo-0=100y,0 1 T=3 (w2, 7171
D) Find the inj:tensity of an earthquake the measures 3.2 on the Richter scale.

' "'\0% |0—'E
3L :\Of)\o T
1‘00\)\()1—;3-'4

XNDY Y-
bg) B TAIng4-9
E) Find the magmtude of an earthquake that has an intensity of 325,000.

\L-\O'/S\_—‘:

— \(}3 ‘0 J%OOO
= (ooy10 éZb()OO
=56
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Checking Progress

You have now completed the “Logarithms” section of the workbook. The following is a
checklist so that you may check your progress. Check off each of the objectives you have
accomplished.

The student should be able to...

1

I T R B B B B A B B R R R
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Evaluate a simple logarithm without the aid of a calculator.
Express a logarithmic statement is exponential form.

Express a statement in exponential form in logarithmic form

Expand a logarithmic expression as the sum or difference of logarithms using the
Pproperties of logs.

Condense the sum or difference of logarithms into a single logarithmic expression.
Evaluate logarithms using the base change formula.

Solve logarithmic equations.

Evaluate the solution to logarithmic equations to find extraneous roots.

Solve equations with variables in the exponents.

Find the range and domain of logarithmic functions.

Graph a logarithmic function using a table.

Find the inverse of a function.

Verify two functions are inverses of each other.

Identify a one-to-one function.

Use the compound interest formulas.
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Finding the Range and Domain.........cccouveveieierernrnnnreanennen. 215
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Objectives

The following is a list of objectives for this section of the workbook.

By the time the student is finished with this section of the workbook, he/she should be able
to...

Solve quadratic equations by completing the square.

Derive the quadratic formula.

Solve quadratic equations by using the quadratic formula.

Determine the nature of the roots of a quadratic using the discriminant.
Put a quadratic function in standard form.

Determine how the values of a, h, and k affect the graph of a function in

y =a(x—h)2 +k form.

Find the vertex of a quadratic function.

Find the x and y intercepts of a quadratic function.

Find the range and domain of a quadratic function without graphing it.

Graph a quadratic function.

Determine the maximum or minimum value of a quadratic function.

Determine the interval in which the value of a function is increasing,

decreasing or constant.

Determine the interval in which the value of a function is positive or negative.

Find the equation of a parabola given the vertex and a point on the parabola.

. Find the equation of a parabola given the x intercepts of the graph of the
Jfunction.

. Find the equation of a parabola given three points on the curve.

Math Standards Addressed

The following state standards are addressed in this section of the workbook.

Algebra I1

8.0 Students solve and graph quadratic equations by factoring, completing the square, or using the quadratic formula.
Students apply these techniques in solving word problems. They also solve quadratic equations in the complex
number system.

9.0 Students demonstrate and explain the effect that changing a coefficient has on the graph of quadratic functions;
that is, students can determine how the graph of a parabola changes as a, b, and c vary in the equation y = a(x-b)? +
c.

10.0 Students graph quadratic functions and determine the maxima, minima, and zeros of the function.
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The first thing we are going to do in this section is solve quadratic equations. In the
“Polynomials” section of this workbook we went over solving quadratic equations by
Sfactoring. Since not all quadratic equations are factorable, we must have alternative methods
Jfor solving these problems. In this section we will be solving quadratic equations by
completing the square, and using the quadratic formula. We will begin with completing the

square.

Completing the Square

When solving a quadratic equation by completing the square, the goal is to create a perfect
square binomial on the left side of the equal sign. A perfect square binomial resembles the

Sfollowing.

X +6x+9

You can see that x* +6x+9 is really (x + 3)2 , therefore, it is a perfect square; just as 4 is the

perfect square of 2.

*The most important rule when completing the square is “You can only complete the square
when the leading coefficient is one.” If the leading coefficient is any other number, you will

need to multiply the entire equation by its’ reciprocal. This will yield a leading coefficient of
one. Observe the following example.

X +8x-4=0

—
SRS
—

~

]
/N
| o0

2)2 =(4) =16

X +8x+16=4+16

(x+4)’ =20

,/(x+4)2 =+J20

(x+4)= +2.5

x=—4i—2«/§

Begin with the quadratic equation in standard form
ax* +bx+c=0

Begin by adding 4 to both sides of the equation

Now we need to create a perfect square binomial. We need to find the missing

2
number after the 8x, so we need to evaluate ( 2) .
2

Once we evaluate b over 2 squared, we add the result to both sides of the equation.

Now, on the left side of the equal sign is the perfect square in factored form. When
you evaluate b over 2, that number, in this case 4, is what goes in the factor.

Now take the square root of both sides of the equation.
Do not forget to use - on the right side.

Simplify the radical if possible.

Now subtract 4 to both sides. Since we do not have two separate rational solutions,
the answers will be written as algebraic expressions. For now, the solution may be
left like this, however in the future, it will be necessary to use each separately.
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Here is a more complicated example.

Here is the quadratic equation in standard form

2 —
2x°=7x+3=0 ax +bxtc=0
5 3
X' ——x+—=0 Begin by multiplying the entire equation by %.
, 7 3 3
X ——X =—— Subtract — to both sides.
2 2 2

( b\ 7 2 7 1Y 7Y a9 Nowwe need to create a perfect square binomial. We need to find
| =l-=+2| =|-= =] =|-
i) -5e) - (5e) - (5

2
16 the missing number, so we need to evaluate ( b ) .
2

¥ — _7_ x 4_9 - E + 4_9 Once we evaluate b over 2 squared, we add the result to both sides
2 16 2 16 of the equation.
7 2 25 Now, on the left side of the equal sign is the perfect square in
X——| =— factored form. When b over 2 is evaluated, the result is -7/4. That
( 4 ) 16 is the number that goes in the binomial on the left.

Now take the square root of both sides of the equation.
Do not forget to use + on the right side.

7_45 A
X-—=%t— Simplify the radical if possible.
4 4
4 4
x=—+z and x=——z
12 2 Now add 7/4 to both sides. And simplify the solutions if possible.
X=— X=—
4 4
1
x=3 and x=-—
2

In this example, once everything is divided by 2, the leading coefficient is one. This means the
“completing the square” method can now be used. This is a complicated problem because the
b term is a fraction. Which means all those rules regarding fractions will be coming into play.

Be mindful of such problems in the future.

Being able to complete the square is VITAL as it will be used many times in the future!!!
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For following problems, you are to find the number needed to create a perfect square
binomial.

A) X -6x+U__ B) x’>—3x+ 4
(BTG A

C) x*-7x+ L\_/:(_;
(B)=(2)- &

D) x*+— x+_\_

E) ¥ -4x+ & F) xz_?_x;%”
& \L{’L'?)L“% L ‘t} v (%/Y‘ % Y'— (e~ ¢ %

Find all solutions to the following quadratic equations by completing the square
A) (x-3)' =12 B) (x+5)' =17 C) x*-4x-6=0
o=l N N FL)olap-a x2-axra= L
X<-%= "L’&\T% X+% ':t“:] ‘SZ\/\—’Z,)Z?STD
X=32+t2§3 Y= -5t 3
D) x* +5x 3= 0 E) x*+6x+18=0 F) %x2+3x—1=0
Ceoxr=s e ZV}LW"?;“C‘*&’ X Haxt9=21
9 'L_ 5 ) (3> (%)Z\ z_
(Z) =% 5 =(3)"=9
P2 Yo & v Atz 3 T
(\( Z|T=3 "% _ X +3= £30 PB)e=~N U
YVie” = (B x =9t is] X =—zt3{ X £ 3 =ty
Xf’% - 1:3% - —-3 (
G) 3x*+12x-6=0 H) x*—6x-7=0 I 9x +12x ,_11‘,222}
K" fax-2=0 (»« Lex 1= W= 5
X2 Hgxrd=21% YV |-3) =g }.J- z_ ,z_ 4
et S oy -4
(Z VOi3) =\l W}T Ty
{\Fﬂl ={u X-s=Ta Zz _ & A‘j
AN \‘—ét 4—_,_ EEES 4
N SECAS\T NS ®GT-2,%E x="3E3
)] 16x* +8x—63=0 K) 9x*+6x-15=0 L) -3-x2—12x+1=0
ORI S s
o= L ACIIET s JO S ,
r—‘—)T \,94- % ) A (’ﬂ )71 (' 16‘)2‘-‘-—324—
X+ /4:L ?‘u \(xr%\"— N TS, l%]" i} NZZA
Xtz 1_ e Gt =
X="x ~>- 6
)(*:S -2
%=5% z

5 2 w =gz 17
y ) D



M) %xz +x+6=0
Y2 H= ~V2Z )

N) x*-6x+13=0
X2~ (et 1379

0) x> +20x+200=0
X2+ 20K 00> ~200 H 0

o [1)% ()5 (3 (2955 (10} =100
H)? = {es)” tf‘\' (x+l0Y2 = 3100
wr) = £ 30 L *’?3’;;; xHO=X 10U
K=o L X G

Do not forget to check for extraneous roots for the following problems.
P) 0.01x* +.12x—.06 =0 Q) a— ﬁ—l=0 R) i+—1—-=1
XZ L1z ~ (0= O 24 2 2 x+1 x-1
W21 oy b BE WA o | ‘Yn-770 3(x-1) + ) =xz-|
(2 Z’ZE(;ZD 30 a ko 172+ ZX-3 X =X
— <)~ =3
\)/Z-)‘l T4y «z)z'“(\)z = IR =x |
(xFL)? = Jac (\AH):"—g ZW{’\*—O
Mre=*{qz <2 - Ax A=l
y =- Lt laz ar) =58 (,,_\z, (-2)%2=4
Gi=1tJ5
{&=2)2 =3
x-2=x88
243
5 2
- _ = =1 U) 2x=+/x+
9 55! D R re)*
6(\,\%2;&(“ 5)-724:6 “Ho (57 (o ) 4G Q(Y’)"N;?’) e
(O Lo = XEtrOxtte 2 -
vt W rz-te = VR 4x? = Xt%
N S Z 4X2 s .
Y& YR Y= y X -aY"= (%erz ) &X,,_I_ Pl—
Q/)Z ¢ )Z =) -x - ;;7‘;2 . ('4— ’(#
i A
X% e jﬂ.
W_— \r' Y=gy + L %\l’ 19 KX % e
*rl= AT T T, x—y =%
LAY = T v ,/Jg &4
2 -
T-2) Nes X F - | X = Oy
Y- 1 t_"z
=A% -‘9—
198 A
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The Quadratic Formula

The solutions to any quadratic equation in the form ax’ +bx+c =0, where a =0, can be
Sfound by using the quadratic formula.

—b+~/b* —4ac

2a

X =

The quadratic formula can be derived when solving the general quadratic equation,
ax’ +bx+c =0, by completing the square.

Beginning with the general quadratic equation ax’ +bx+c =0, derive the quadratic

formula.
Ay Hxac=0
m 7w A
7210, .-
it o

(«z)‘ & ") =)™ ‘ML

z ¢ (A
Kot Fi = W 5 )

(\Fm) 5
}'\-\"Jz’;"/’\_:- (D:L_;f\\_ﬂ_,@

K= .-\)'\-:-‘\\13%:_4_@9__

There are times when comzﬁeting the square can be complicated. This happens in

particular, when the leading coefficient is a number other than 1 and the b term is

odd. If the b term is odd it will be a bit more complicated to evaluate ( 2)2. In these cases, it is
2

easier to just use the quadratic formula. Since it has been proven that the quadratic formula

is actually derived by completing the square, the solutions will be identical.
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Solve each of the following quadratic equations by using the quadratic formula.

A) 2x*+3x-4=0

X= -8 U5)%4{zF4

Z0)
= et langz
e

4
x= 514
4-

D) x*-4x-7=0

R=atay-abfn)

7
NEPCAYYE
Y =atZdn

Y= "_t \

G) 15 +2t-1=0
X=-ZH 2R - M) D)
A\ )
Y=-2t Ve
L
el

- - \O —_—
K= r\;\;)go‘

X :%"—)5—).%—%
J) (2x+1)(2x—1)=4x

L‘_\/\'L —=4%
N L

Y= 4L LAy -afa)(-0
214)
* 54%5__3—5
x=4* 4J2

)
200 2

B) 6x>+7x-20=0

*= LR a{)20)

2(1@)
X=-7EJzAa
\2
HA=-T1E23
-—
\VZ

E) 4x’-2x-3=0
Xz 7t J2)F44)-3)
7™
= /Z“L HhZ
—
_2+723%

%z \
S
X’:\tm—
4—

H) x*—4x+29=0
X4 N4y - 40) o)

P4

TR 43\ ox
2% - |ox H3=0
X210 JE10Y2 - 42 )6)

C) 9x* +12x+4=0

X =-12E 2o 7EYa)
12+ W0zye 3Gy

A7)
Y==12tJ06
\f
= -\Z
X —‘—?-
- =2
=g

F) 122’ +5a-2=0

X =~5% J6V- 442)-2)
———\__

3x* -1 _
. 4 B
SXT - =4X
ZxE-an-1=0
2(3)
y;zA—t \]-3.

L)

X

L

Lo
b ;Zt\]——r
28




M) 2x(x+3) 5
Zﬁ*ﬂM’g
INEHQRH=O

xX=-ot J)~ —AY-9)

2(2)
= -t e

A
X === 2IM

’_____—_.¢

x=-35n ﬂ?

P) x -2\/"x+1=0

Y=2§z £ )40
()
2%z Ha

S) Viras L
Gz [z *SL‘]—ZLY—]

X¥2H = 2\nz
(xr3y2 = (24w J°
X Hox 9= 4{x42)
X2 Hoxrq =AX S
¥ Z+2xH=0
X=ZE{ (22 - 400D
0

X = -ztJo
-z

l

—
=

X

N) xz —x_14~5 =0
47\2‘ - 4’7\'\6 o)
=4y % a)e)

XZe=
-3 =(Go)

R =R H = X+2
W=k F]A=0

X =1t g1-4H0m)
2
ey
T_ sz
XAt D
o

T) 3x?

S =0y

0) x*+23x-3-0

%=-2{3% \T(ng)z A

200
X = @tﬁ
to_
Q..
-Z RNe
3
R 3 __2 _
x+4 2x+1

3 ({-x %’D "’26(*,_\,3 “(2)\ HXK’\"’D
OX 13- 2% =B = I 4
AR-5= R Y XA
=B EY(p) A4
= 66 =400
U2
x= -6t 34

i+ b

5
m 1

U) el

oty
mé 1”2\1\ —7=0

m-= 'Z’ilmz 200D
M= —7,+ \)_
"Y): ,2 \\_E_

A

= N

m:\";Sg—
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The Discriminant

_ —b+b* —4ac

2a

X

Within the quadratic formula lies the discriminant. The discriminant, b’ —4ac, tells you
about your solutions.

If b* —4ac > 0 you will have two real solutions
Ifb*> —4ac =0 you will have one real solution
If b* —4ac <0 you will have no real solutions

Think about what this means in terms of the graph of the function. The quadratic formula
allows you to find roots of a quadratic equation. Ifthe quadratic is given to you as a function,
then you are finding the zeros of the function. The only difference is an equation verses a
Sfunction. In other words, one of them has f(x) in front of it. In either case, whether you are

being asked to find the roots of the equation, or the zeros of the function, you are solving for
x. So, finding the roots of an equation involve the same procedures as finding the zeros of a
Sfunction. As we have discussed in class, the zeros of a function are the x intercepts of the

~ graph of that function.

Therefore, as an extension, you can conclude the following.

If b* —4ac > 0 you will have two x intercepts
If b* —4ac =0 you will have one x intercept
If b* —4ac <0 you will have no x intercepts

If the graph of a quadratic function is a parabola, how is it possible to have only one x
intercept?

It Hhe Vorkex of the pavabola 1S on e X-omvis
there Will pe OhlY - 0N Y- Inforcept.

How can you have a parabola with no x intercepts?

\F the Nertex of A pavabola Hhat UPENS Up 15 above
e %-oWis o0 the Nevtex of a parabola Hat open
dwn 1S yelow e X-avis, fiig Yoph of Fie
FUNCFION Wil ok aross Hie X- s . Thas . no
R=Inforeeprs exist. )
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Determine the nature of the roots of each of the following quadratic equations without
solving. Tell whether you have two or one real solutions, or no real solutions.

A) 2x*-4x-2=0
(2RI
(&) -4@ X
Je i
22
2 Cea\ go\uﬂom
D) 3x? —\/_ 2x+4 =
HZY LH%IAr)
72-4%
- 40U
no Al
golufions

G) 0.4x*-0.5x-0.3=0
AX - Gx-3=0
(-6)-A(4) )

750 Y4%€
3
7 Yeal COlunovg

J) 3x*+5x+4=0

(5P -46 )
79 - 4%
no al
Solurions

M) 4x’-12x+9=0

(-12)2 - H4)A)
| 44—\ 44

|

L g;)\)\hon

B) —2(x2—5)=x+12 C) —x*+3x+7=0

=& Ho= )2 (Y- 514
- (X% ~x-270 9 2%

hZ- 40C 29
()24 |\

BTNV gb\u\—w\\s

E) 6:%-\/_“2 0 F) 5x2+—§-x+—=0
40 )% —aw)2) (2)?- 4% %(%)
- 4% s
-z 9 ©
o Yeal Lo~ 127 yo veal
colutions “Affy; Fo Colurions
_o2
%
Sr +2)x —fZ V2)x+3=0 D ——x +4x—§—0
2 332 )3 (4,\2 4 J%\{.Ee_>

4»- NZ ’r’L*W—(%’fE}
O-NZ -3V

lUZH)Z -(-5Y-%)

- 20-\WJZ \te ‘U
no (el SoWTonS 7 veal
plutons

K) —x2+3x—l=0 L) x*-8x+16=0
(37 -0 (%) (€72 -4 Y1w)
g2 44
O
7 Xea (el
SO ONS . Solution .
N) 2x>-6x-5=0 0) —l-xz—é-x+—=
()* ~42)2) (- l/%‘Sz _4{;3 (g,-)
3\0 H@ #“%
(@) -
@SL‘CSJ‘] oNs \ \%\ gb[bbhot’\

What do you notice about the quadratic equations that have one real solution?

They A pafect Suae Frinomials.
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Equations in Quadratic Form

There are many examples of equations that can be rewritten into the form of a quadratic
equation. The following are examples of such. A process of substitution will be used to create
a quadratic equation.

For example:
This equation can be written in quadratic form because the problem can be seen as

Xx+67x+5=0 (\/;)2+6\/;+5=0

let A=+Jx The variable A will be substituted for \/; . Bear in mind that you can usually find
what you need to substitute for in the middle term of the equation.

This problem is now recognizable in quadratic form. One of the previous methods of
solving quadratic equations may now be used to solve the problem.

A*+64+5=0

It should be understood that this really wasn’t necessary. This particular problem could have

been solved as a radical equation by isolating Jx,and squaring both sides. However, with

. 1 6 . .
different variations of the problem such as —+—+5=0, it may not be so obvious what to

x x

do. This method makes solving these problems easier. It puts them in a form that is not only
immediately recognizable, but will save time. Focus on the middle term to find out what to
substitute. Do not forget to check your answers for extraneous roots by substituting into the
original problem. All of the skills introduced here will show up at some time in your future
coursework. The key is to recognize them when you encounter them. Look beyond the
problem, and into the interior of the equation at hand. Look for patterns or something
recognizable, much in the same way complex polynomials are factored. This type of problem

will show up with trigonometric equations as well; such as the problem

16sin* x—16sin’ x +3 = 0. When substituting, do not pick variables that are in the original

problem, this could lead to confusion.
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Solve each of the following equations.

A) (x-2)" +4(x-2)-21=0
|t A~X%x-2
A%= £N-21=0
Ga>- 4711’4 2
LYtV (2P

m%%

A=1to «-2=1 X —,%«\ a2

C) »*-12y*+36=0
\et a=yt A%-\20n - B

NZEDRAC
a-le =0
=Y
Y =

y==
E)(3x+2)" +4(3x+2)-21=0

et N=3xre A% +4n-21=0
(A TXa3) =O

A="1  a=3
ZXTZ="1  2ZxtZ3
y - :5 X v‘);

%=%3,'5%

G) x*-13x2+36=0
\t¥=X" al-12atze=0

@«4\(@%\'«6
0[74' m:'/
Ele =R
ﬁ J; ’ A{—,t%

+_tz
< = rL
7\’/‘;2 L

2
B) ( ! ) -57-+12=0
X

2x
It <% g% Tarz=o6
a=T15JE0%2 -adGy
- T
2
n=1e11 i
z w =5
m&j% X % i Log
s
2% ’54;/4 %{ *«1
’Z&;\/? XD =V

D) (1-3a) -13(1-3a)+36=0
leta =130 g% -za3e=o

(a—4(a-=0
N=% A=Y
mf/ - ' - %0\ ’/?
A=—%/5

ﬂ]:%—g/gl“lg
F) x'=5x"2+6=0
et a1l a%pn Ho<o

(4 -2Ya-3)=0
ﬂz - *_\hﬁ;
oI e
(3% 2{1;(/42)1 7 'J’I'E

H) (a*-3) -4(a’-3)-12=0
o b=a%= b= Hei2=0

(=)=
L=l h~—2
az,g—,(o mZ_,g:*Z_
(@Z‘ﬁ \W.- |
n=*s A%
A=5E\ £ % 205



The Standard Form of a Parabola

In this class we will be graphing quadratic functions using the standard form of a parabola.
y=a(x- h)2 +k
This is the standard form of a parabola, where a, h and k represent real number constants.

In Algebra I, students are taught to graph a parabola in the form y = ax” +bx +c, by first

finding the vertex. This meant the student had to first evaluate _2i to find the x value of the
a

vertex. The student would then proceed to evaluate f( 5 ) to find the y value of the vertex. In
2a

other words, first find the x value of the vertex, then plug it back into the problem to find the y

value. From here the student would set up a table to find any additional coordinates. The

results would then be graphed. From this point forward, you will be given the function in the

form y=ax® +bx+c, and rewrite it in the standard form, y = a(x— h)2 +k. Once in this

SJorm, it is easier to identify the vertex, x-intercepts and any other information you need to
graph the function.

Once the function is in standard form, the vertex is given by (h, k) . The a value determines if

the function opens up or down, and gives some indication as to how wide or narrow the graph
will be. The h value dictates how the function shifts horizontally. Remember, in the standard
Jorm of a parabola you see —h, but in the vertex you see h. This means the x value of the
vertex is the opposite of what you see when it is standard form. Remember P.L.N.R., Positive
Left Negative Right, and it will help you with the shift. The k value of the function is the y
value of the vertex, thereby making the graph of the function shift vertically.

As stated earlier, the process of completing the square is vital in mathematics. This is the
method used to put the equation of a parabola in standard form. As you complete the square

of the function y = ax® +bx +c, the dependant variable, y, must be kept in the problem. The
y variable will keep track of the a term for you since the completing the square method
cannot be used if the leading coefficient is any number other that one. The y variable holds

on to the number for you, then gives it back at the end. The following example shows this
happening.
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Example

y=-2x"+8x-14

Remember to keep y in the problem.

To put into standard form, we will need to complete the square, which

means the coefficient for the x* term must be one, so divide the whole
equation by -2.

Division by -2 yields this equation
Subtract 7 to both sides of the equation

- bY
To find the missing term evaluate (E) to create a perfect square

binomial on the right.

Add the result, 4, to both sides of the equation
Simplify

Now we need to begin isolating the y, so add 3 to both sides of the equation

To isolate the y, multiply the entire equation by -2.

Notice the y was just holding on to -2 throughout the entire process. The
equation for this parabola is now in standard form.

As previously stated, this skill is vital. In the future, it will be necessary to complete the square
twice within the same problem. This is the procedure used when putting the equation of a
circle, ellipse, or hyperbola into standard form. In each case, you will be required to complete
the square for two different variables in order to write the equations in standard form.

207



Write each of the following quadratic functions in standard form.

A) y=x*—4x+3 B) y=x"+6x-2

C) y=-2x*+8x-6

%—%M*x —axa 12 14 =% o) % L =2 ¥
z 2 A —z
(&)=L ¥ (=)= (2 ) =(%T~=)~1 _z 1—4—:)@'4%2
H (-2 V) 1 ~H{ x> z( LYo )2 of2)s
(’Jg (X—Z)Z_‘ \ﬂ X +3)5=) -—% N\ [(XJL\Z- ‘
uJ— Z (x-Z
D) y=x>+5x~-4 . E) %=3;cj—§£ﬁ F) y—;x -6x-9
Ty 15 7 = X2 Hox t1
”fﬁi“l’; SO S N ﬂ%grﬂh&z Hax 1
(¢) /(z) e M- Lﬁfﬁ»xz 3 1*% UZ,—)Z _{l%)z =3)%4
gﬂé r 2 )(z’r%xfz—f; "y ,( Ay = (xra)?
Gz HEETE R

2)
Q2 s =0 5/2135 sy D)

G) y=——x -5x-6 y =4x"

2y =& -\ox -T2
2y e K26 =@ -ox +25

4— 4— a +
ER
%7 4, [u XL Zx”lu

‘%)z;(lrg)i;zg )z ’5 L)Z z 1
2Y +51 - AxBY (\L-a )Z
’2*3 =(x5)*- 31 % (3

= ‘2’(\‘ F}S lj—Q(Y»”\‘Ll—

K) y=—x"-5x+2

J) y=—lx2 +x-1
MY % =X4HEXEL

"Z'J =XE-ZX 2 2
-ZH\ = y& —2x4) e ’{g); _74
Loy '3 S A {nfgz

b=k~ D —53 _ 5 \Z
: ez et
%\Oﬁ 4\77_ é?:glz 1 y=—(x re Y32

M) y=——l-x2—6x+4

TPY XTI
“3y HZHF| =% Pey ) )2 L}*
-3y r Az (k1) jr,la o2 %H—,
-3Y= - (x—~1N*-93 7

J{";I' “(X 8

\j.. _L.[ __‘1) Z,,‘/T;

z, 4
oy et Eee DT

— z(x—+ )24 14
y =3k >+1t

T e

y=lx2—x+2

3 =E z ke

K 3&@ ’i

2

0) y=2x —%x+%

T a1
b F g -
Ve = (¥) =5

(«
:(xz ¥)*
%*v(vvt‘@ "%
e

N
.\_—-

N

»\K
%1-
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Working with the Standard Form of a Quadratic Function

Answer each of the following questions regarding the standard form of a parabola.
y=a(x-h) +k

Where a, h and k represent constants.

Which constant is responsible for a vertical shift of the function?

v

Which constant is responsible for a horizontal shift of the function?

Which constant will cause the function to open up or down?
A

What is the most notable difference between the graphs of the following functions?
y=4(x-2)"+3 and y=;11—(x—2)2 +3
he At Funchon s wore nanow while Hhe second
o WAty

Once the quadratic function is in y = a(x - h)2 +k form, what makes up the vertex of the

parabola? k h | \L)

The highest point of a parabola that opens down is the <X 1OX

The lowest point of a parabola that opens up is the veixX Fox

What is the domain of any quadratic function?
(o)
What would a parabola that has only one x-intercept look like?

The =R would he on mMe X-axs .
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Referring to a parabola in y = a(x - h)2 +k form, answer the following.

If a <0, the range of the function is the interval (- |\:_‘ .

If a >0, the range of the function is the interval DLI m} .

Explain how it is possible to have a parabola with no x-intercepts.

\t Yhe pavabola opons Up 4 15 \ertex s avove
e oS oV 1 Hie pavdbbla opens down and

the  Norkex {6 pelow Hie X-0WXI5 5 the qvaph
WHL N ho X- Inkeveeyts |

Is it possible to have a parabola with no y-intercepts? Why or why not?

NO, hecouse  the dowmain of the funtrion i al
(e NUMPYS .

A standard parabola can have two x intercepts. Can a parabola have two y intercepts as
well? Why or why not.

N? '\ cannot .\t Pa@bOla  had +wWo Y- int. i+would
7 e Yool |ine s, Tl - mems iFis ot &
funonon .

Explain, in your own words, what an axis of symmetry is? o .

The Neriiual g iy Crosses Hinouglh The Nt of e paabon The
aaph of e pambo e syirmenital 1o s awis oF symmetty
s means (- yoy werz 1o fold he graph, along the axis of

SYhmervry rhey) would  wad<h
What are the two things you need to know to find the range of a quadratic function?

W OOX 40 Fivid e {2V ofa Quacyoiio funenon
WU Wed o ow how T opens, s Hieg y varlue
oF the Neoxtex .\ oHer WOYAS Hir Yalues 0f o ayd .
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Find the vertex of each of the following. These are the same problems you wrote in
standard form earlier on page 208, so it is not necessary to go through that process again.
However, be sure to write the standard form of the quadratic function below each one.

A) y=x"—4x+3

Y= (x-2)*-)
7)-1)

D) y=x+5x-4

= (rBYZ
= (%) al
2 74

Y= 'J'(x DA
“1V7/>

M) y——-l-x —-6x+4
W=~ 4hﬁﬂa%
(—1) 3

B) y=x"+6x-2

Y=&r3)*~||
(-3,-1)

E) y=3x"-9x+12
- - ya
Y=3xZ)
R
)

H) y=4x"-6x+5

\d HX‘QZ M

Eare
CERks

\/) = B(X;‘g> Zk\:
)
(J; ) ?)

C) y=-2x"+8x-6
Y= “2(x—2 )" +2
(2,2)

F) y=—x>-6x-9
Y= - xt8)*
('510\)

I y=lx -x+2

-45- -2
2. )"q'i)

L) y=3x*-2
Lj*:_ )(Z'Z

[0-2)

2

0) y=2x —lx+l

X1
(‘;—/ Q—uﬂ
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Maximum and Minimum Values

In some problems you will be asked about the maximum or minimum value of a function.
Whenever you are asked about the value of a function, we are always referring to the y value.
In the case of a parabola, the maximum or minimum value will be the y value of the vertex.
The x value of the vertex is where you get that maximum or minimum. For example, let’s look

at a business; where the profit margin is given by the formula P = —(x - 32)2 + 8000, where x

is the number of units sold, and P is the profit. According to the equation for the graph of the
function, the parabola will open down, and the vertex will be located at (32,8000). This
means the maximum profit is $8000. The business will achieve maximum profitability if 32

units are sold. So the x value is where the max occurred, and the y value is simply what the
maximum or minimum is depending on the case and function.

Therefore, it can be concluded...

If the parabola opens down, meaning a <0, the function will have a maximum.
If the parabola opens up, meaning a >0, the function will have a minimum.

In either case, the maximum or minimum value of the function is the y value of the vertex.

When asked to find the maximum or minimum value of a function, or where this occurs, it is not necessary to
actually write the function in standard form to find the vertex. As previously stated, working from the general

. b .
orm of a quadratic function, y = ax’ +bx + C, the vertex can be found. Evaluating for - —, will reveal the x
q y X
a

value of the vertex. This tells you where the maximum or minimum value occurs. Keeping our previous example
in mind, you could simply be asked how many units need to be sold to maximize profits. If you are being asked

, ., b . .
were the maximum or minimum occur, - — will give you the solution to the problem. If you are asked to take it
2a

a step further and find the maximum or minimum value, plug - L , in this case 32, back into the problem to find
2a

the y value of the vertex. Why is this important? Consider the following example.

Find the maximum value of the function y = —0.25x> +5.62x+2.

You can see putting this in standard form will be relatively complicated. Even more so if the leading coefficient
is a decimal value not easily converted to a fraction. Following this procedure, the maximum value of the
Sunction is found.

now substitute 11.24 for x,

y=-025(11.24)" +5.62(11.24) +2
y=33.5844
The maximum value of this function is 33.5844
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Answer each of the following.

Find the maximum value of the function: f(x) =-2x*+6x+12
—-7x% Hux H\Z 3
Y Y 133 _(y - =
AR (x 2)

-4 - xZ-z2x—e
Z’X o -9 _( 332-3_3_
G rgoad 2D TF

2 N\-_ - _ - z 3
(-Z)Y="% Y=-2z (x-E)"+2
I . I Vs S = 33

73 ""LT: *’q— 4 7

Find the maximum value of the function: ﬁx) =-5x2 +30x—200

-b _ 20 _ _z0o

207 5 -5 -3
Hs) = -5 (3)% $20() —200

P{%) ~ = \69
[~155 )
For what value of x does the function f(x) =-5x* +200x+2300 achieve its maximum value?
- _b,- pal 200 = -Z-QQ- —-—20
24 (%) -\

%)

Find the minimum value of the function: f = —1-x2 —-10x+800

-b - -10 o _jo+% =107 =70
20 2(%) Vl/.,} = |

*Hz0y =% (20)4 -0 (20) F200
o) =100 ~200 +¥00 =700

{100]

Find the minimum value of the function: f(x) =3x+4x+3

".Lz— .'/_L_\;- - *3’
- 5" 3
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Finding X and Y intercepts of Parabolas

You will need to be able to find the x and y intercepts of each function in order to accurately
graph it.

We have already gone over the procedures for finding the x intercepts of a quadratic function.

o First replace f(x) or Y, whichever happens to be the case, with zero. This has the effect of setting the

quadratic equation equal to zero. Then find all zeros of the function by factoring, completing the
Square, or using the quadratic formula. Since the zeros of a function are really x-intercepts, your results
will be the x-intercepts of the function. It doesn’t matter what form of the function you are looking at,

whether it be the general form of a quadratic function, y = ax* +bx + C, or the standard form of the

2
quadratic y = a (x - h) + k. the procedure is the same.

Finding the y intercept depends on what form of the quadratic function you are looking at.

e  Given a quadratic function in y = ax* +bx+c form, substitute zero for x, and solve for y. In this

case, the result is simply ( 0, c) . Since both a and b have the variable x next to them, the only thing

left is the constant C. Remember, if the constant C is not there, that means it is zero, and the y intercept

is at the origin.

2
®  Given a quadratic functionin y = a (x - h) + k form, substitute zero for x and solve for y. Be
careful! Don’t assume the constant k is the y-intercept. That is the y value of the vertex. You must

find the y-intercept arithmetically. There is no shortcut as with a quadratic in general form.

Find the x and y intercepts of the following functions.
A) fi9= ~x*+2x+5 B) f(x)=x2+x—6 C) f(x)=—x2+10x—24

-\ k?-x ¥5=0 ; “KFHox “eA=O
W2 —2x- 6=0 X&x —o=0 «Z -|Ox ¥24=0
5 ;‘2,1.\,\ =641 x= -1 EN(YZ -2 (1 X-0) CLAOX Y25 = AKX 2D
L ) "( )"‘(’l)"’\ 201) (“Q'z: )z_:. (_J% )2. "(’6)2‘:2’5

J-N= o Y=tz .
X =y x’—:’!i—z- @1 =4

Y =\ Ve N—D —t\
% (Uo x=0*t\
D) £, —3\xt\“:5x X(I'QU?D) § ?"(())) '@ (3x+4) F) f()—x - (IHOX(DGL() 2’4_\
4 =" st K- 344 =0 XZ— ¥+ =0
%. = (DT 3-‘:{;)7‘ 4(=Ya) X - {fz- ;"'l 1ng| ]
Y JRrDT=6 + éﬂ (£)” ’(;‘f’_) =(-3)"=9
W F2=0 X =2z ﬁ:‘;)z" Z
X ——L 9- \1_.

z<t
214 (-2,6X0)\2) kj‘\“\HO"B by —=t
no -\t X =5t



Finding the Range and Domain

We know that the domain for any quadratic function is all real numbers, so that won’t be a
problem. The difficulty can arise from finding the range of the function. To find the range of
a quadratic function, we need to know how it opens, and the y value of the vertex. As it was
discussed earlier, the y value of the vertex is the maximum or minimum value of a parabola,
depending on how it opens; so it is the absolute highest or lowest point on the graph of the

Sfunction.

The following is true for a quadratic function in standard form y = a(x - h)2 +k.

If a >0, the range is [k, ).
If a <0, the range is (—oo,k].

State the range and domain for each of the following.

A) y= 4){?-—6x+2 B) y=x>+4x-5
L - an ) x Ybota=x> F4xta-
4= 3 o e Y = er2)®
Y= = 4(fe)" F y=0r2)-
'%: %I’;‘\: e () |‘/\’>
Y="p-% 7k p. (- &)
eongje | (3) o)
D) y=——x"+3x-2 E) y=-2x"
X2 ~Gx t4y N ex (0,0)
TZY A S0kt (L-. (-es,0)
( ﬁ— (_’%y ("3)L‘ (/] (—-OQ OQ\
‘Q 5= (3)*
AO? 7’3% - (x-3)=9
V2 (x3)-E
G) y=%x2+2x—3 H) y=lx2+%x—%
3Y=xron4 29oFr 2x "2
3y Mzm=xzmxw 29+ S i txZpdg )
() =6%q 5
53 F\g=- (X‘(’f}z L(j {/%g— 4,_2_ :()&Y‘L)1
Y=g eez) (k-2
- 2 %
¥ L—ulm\ A f-Ly 35

P (-em ,C@Q\

C) y=x'-6

N ren ’—(D,-Lﬁ
onoe -, )
pPowmaun ("OQ vQ)

F) y=-3x"+6x-18
B2 w2-2x e

-3
B ot = X2
= -%)~C WF \
8 ot T
9 —(x-DFP
-z
- — (X—\\ -\5
g y=§x2+—l-x—%
.)\ﬁ— PCI -é
L)H——l—

38*’ < (x 1'—4';\2
2y = -F)2 - L

Y =¥ k) '\Hr

3 LH‘h ) 215

D (o= 09)
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Properties of Parabolas

For each of the following, find the standard form of the function; describe how the graph
opens; identify the y-intercept, vertex, x-intercepts (if any), and the range and domain.

A) y=x*+4x-2
2 X ATt
(&)=Y =

Yo =0er2y”
Y =2yt
Jnt.
(x+2)* =u
xrz=+]
x= -2 J0
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Standard Form: \6 = (X +Z)2*L0
Opens: u‘;
Y-intercept: (O, -2)

Vertex: (- Z, *Lg)

X-intercepts :(‘Z'\Wo, 0) (-2 , 0)

Range: E_- e, OQ)

Domain:(- o< ,oo>

Standard Form: Lﬁ =%%-3
Opens: UP
Y-intercept: (O ,—3)
Vertex: (O \ -3)
X-intercepts: ({3, 5)(~33,0)
Range: [- 3 L)

Domain: (-OQ ,OQ)

Standard Form: )= —2 <1
Opens:cAOW Y
Y-intercept: (0,1)
Vertex:((5,4)
X-intercepts: (-3, ,)(3,0)

Range: '-—OQ ) Gﬂ

Domain:(— o '@Q)



D) y=—x"-6x+1

Y= W Haox- )
-4 ¥4 =%% Hox A4

=
—yto=(xrs)
-y = = (x+3)>-\0

Ys ’(X‘\"-%) o
Ninte

m\(>

T \0 = X¥3
*=-3Xo
E) y=%x2+4x—-1
2U =R -2
L%VZH\D IXE X W
() = (V=0 x-nt
Y g «(XM—X‘
’Ef*“” [HEAPE
Y=z (‘M”-ﬂ -9 =-Arzlz

Standard Form: ‘{\ = - (x *3)2 Ho
Opens: (Jow 1
Y-intercept: (0, 0
Vertex: [-3 \0>
X-intercepts: (-3 +10,0) (-3pp )
Range: (o< ,10]]

Domain: (, o ,OQ>

Standard Form: Ld = ‘\é_ (Xﬂ,)z )
Opens:\\p
Y-intercept: (0~ 1)
Vertex:( -4, )
X-intercepts: (~4 -3z O -+, 31z 8
Range: [-] oo

Domain: (—oq :@Q)

Standard Form: lj :(Xé\-zm
Opens: () \9
Y-intercept:(o' %%)
Vertex: ‘-,IZ'QQB
X-intercepts: N\ONL
Range: [ (o l@Q\)

Domain: (’OQ .OQ)
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G) y=-x*-10x-25
“Y =X H0k 22
- 2525 =X HoK Y20

(A2 =P

~< (e Y= - INY
yIe) o= J(xro)?
O0=X1¥19
—5=X

H) y=-x*-10x-20
“y=X" 1 10%¥20 )
s~ 2ONZH XF oY

(12 ~(p)= =22 X - AN

—N¥o = (x’s’@\z' \YD’:W
,\j-,(xm)""? UNCIED 2
%':'(X\’@>ZM )("‘61—5,-‘:9—

1 4 47
D y=—x"+—x+—
) y 3x +3x+36 ‘
V&= 110

-\ 2 !
3y —}WMX =
“39- Tz 47 paxrg

~ 1
(%\)—l :(Z)Z = 4\» t ,"E = X<
N L T (U S N
3\0;(X+‘Z-)z‘ '?2 £ |
gl -, W e
x=-—2t$8
&)
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Standard Form: &5 = = ’\’\@SZ
Opens: OV
Y-intercept: (O~ 2%)
Vertex: (-9, )
X-intercepts:(~ 9, O)
Range:(*OQ i D]

Domain: (-CQ ,@QB

Standard Form: q:-‘—(w@)zfg
Opens: down
Y-intercept: (0 -20)
Vertex: (-6 5)
X-intercepts: (g, Ro, OY’E {5,0)
Range: (-¢0, G ]

Domain: (_oo /003

Standard Form:) = ~5(xr2)?-L,,
Opens: U
Y-intercept:(0, %Z‘e)
Vertex:(-2, - 30)
X-intercepts:(-Z. (¥, 0) (28 ,¢)
Range: -, o)

Domain: (—o<, ,QQ\



Graphing Parabolas

Graph each of the following parabolas. Make sure you find all required information, label
the vertex, y-intercept, and x-intercepts (if they exist).

AN
XE-4=0
=S

% -tz

Uj ol J}(?'—LQX -1
o =X Hexq
— U 4 Y= XEHor T
(2)%=(5)"=
v\d:— (Y\Y%)Z
< -(7&‘\’3)1
Y
X \N

Jo = 5()0’5)1

A) y=x"—-4

>
s/
[
F D S
—LMQJ&(&C!)-.JCD(D’

© b D
¢ £

B) y=-x"-6x-9

>

- B G B O g 00 D

Lo
1
QO

wd
+
on
S
.
*
La,
+
~
D
*
>

I

57 8 9

3

1
N
*
(%]

Ty
/
)

,

£
e

Standard Form: Y= X4
Opens: ¢ P
Y-intercept:(0 ) - 4)

Vertex: (o,- 4—)
X-intercepts: (-2 ,())(2 ,C)B
Range: Echoo\

Domain: (- ,OQB

Standard Form: = () ©
Opens: A\OVWO N\
Y-intercept: ( O I'OI}
Vertex: (-5,03
X-intercepts: (-3, O)
Range: (-09, 0]

Domain: ('OQ m\
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C) y=x*-6x+4

>
*«<

Standard Form: b}—;()k—-ﬂz"é

Vg
-~ OO €

Opens:u\?

-\
T
..\‘a

pTn

Y-intercept:( 0 4)
C 0) Vertex: [3 be 63

~
~

A
QO
A
A
\ N’
AN
£
D
\\ w‘
4’ == o
~i-r
—LL"‘
» v

X-intercepts: (3 35, o)(g R 59
\ /; ) Range: E 5 .M)

Domain: C—og 'OQ>

*
§ PO'
‘ W~ VD tdu
1

D) y=—%x2~4x—2

:X Standard Form:% - ')Z(K*‘\)Z’r\o
0 ; Opens: dow\
VBN ? Y-intercept: ( o I“Z\
1// g \\\ g‘ Vertex:(—qq@\
3 *{’??”“5( )'33 ‘\1- gﬂ"ﬁ?é)s RS X-intercepts: (- 4233 Q) (“{*Z%p)

Range: (—@Q QQ]

—
N

Domain: (-0 )OQ\

¢ 63 D ~d m‘ﬁ ;'.: ﬁ.i 5
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Intervals

In this section, we will determine the interval in which the value of a function is increasing,
decreasing, constant, positive, or negative. In order to do this, the graph of the function is
read from the left to the right.

Increasing
To determine the interval in which the value of the function is increasing, read the graph of

the function going from left to right. If the graph is rising going from left to right, the value
of the function is increasing.

Decreasing
To determine the interval in which the value of the function is decreasing, read the graph of

the function going from left to right. If the graph is falling going from left to right, the value
of the function is decreasing.

Constant

To determine the interval in which the value of the function is constant, read the graph of the
Junction going from left to right. If the graph is neither rising nor falling going from left to
right, the value of the function is constant. In other words, we are looking for a horizontal
line.

Positive
To determine the interval in which the value of a function is positive, the x intercepts of the

Junction must be known. If any portion of the graph is above the x axis, this is the interval in
which the value of the function is positive.

Negative
To determine the interval in which the value of a function is negative, the x intercepts of the

SJunction must be known. If any portion of the graph is below the x axis, this is the interval in
which the value of the function is negative.

In the case of a parabola, it will not be necessary to see the graph to do this.

Increasing/Decreasing

The interval in which the value of a quadratic function is increasing or decreasing is based on
how the parabola opens, and the x value of the vertex.

Positive/Negative

The interval in which the value of a quadratic function is positive or negative is based on the x
intercepts of the graph of the function. It is also very important to keep in mind the direction
in which the parabola opens. If for example, it is determined that a parabola opens down and
has no x intercepts, there is no interval in which the value of the function is positive. This
happens because the vertex would be below the x axis.
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Here is an example of determine intervals. Notice that only the x values of the coordinates
were used to describe the interval, and only parenthesis are used.

(65
(633

L 42
¢ &

-840 40 %0

30

104 (114

(4-5)

Given the above graph of a function, determine the intervals in which the value of the
function is increasing, decreasing, constant, positive and negative.

The value of the function is increasing in the intervals:
(-10,-6.2), (-4,-0.8), and (4,6)

“The value of the function is decreasing in the intervals:
(-6.2,-4) and (6,11)

The value of the function is constant in the interval:
(-0.8, 4)

The value of the function is positive in the intervals:
(-8,--6) and (-1, 9)

The value of the function is negative in the intervals:
(-10,-8), (-6,-1) and (9,11)
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The reason parenthesis must be used when describing these intervals and not brackets is in the
meaning of each symbol when using interval notation. A bracket means inclusive. Notice for
example the intervals in which the value of the function is increasing and decreasing. The x
value of -6.2 is used in both instances. If there had been brackets by the -6.2, it would be
stating that the value of the function is both increasing and decreasing at the same time when
x is -6.2.

When asked to determine the interval in which the value of the function is increasing, the y
values of the function are not used to describe these intervals. The reason these values are not
used is because of the question itself. They coordinates of a function are the values of the
Sfunction. The question is asking where this is happening, not what the actual values are.

A couple of guidelines to intervals
Make sure to only use the x values of the function to describe the interval.
Never use brackets when answering these types of questions.

Determine the interval in which the value of the function y = —x” +2x+6 is increasing.
A= “XZ X

- --Z °}_ =
2A T 2) -2

' Tl |

Determine the interval in which the value of the function y =-2x’—12x+18 is increasing.
= -2XZ -\ xR

- -z 1Z_ -z
2 T S

Determine the interval in which the value of the function y = x* —3x+4 is decreasing.

V) =X 2
b . -3 _3
T T=n)  ©
3
2
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Determine the interval in which the value of the function y = —3x” +18x+21 is decreasing.

) G H%x Y2y

b - E =3
20 QI 3)"
( ( 2 ) ]
Determine the interval in which the value of the function y = x* —3x+4 is negative.

Y=X*3x t+a

X% -3xH4=0

X =22\ -a()(H) v-10
fzc\)

—,3th
noY \m\ NO X ynrgveepss .

Determine the interval in which the value of the function y=-2x"-12x+18 is positive.

W= meXE 126 H Y > X=-3tz{e
- F —2x Hese : .
—%, = =2 (f(—s—":‘—i’l 3\”3&\
Y& Hox —4 =0
1 XE-lR =AU

(%)2__/(5)2_ =]
Jxe37=d1e

x+3=t K
Determine the interval in which the value of the function y =-2x’ +12x—12 is negative.

Y= ot ez 7 Y -2t Js
TZEF X 12=o
oo [Co oo
{ X -k 9 = "U?\’q
%)%= ()=

J(x-2)* =
X-3 =33
Determine the interval in which the value of the function y = 4x” +16x—84 is positive.
‘\ ] T \ﬁ = NI - A
4 XA =0 - - 3 oo
TR oo u(Ees)
XL AR -2Z1=0
(x 7 )x-3)=0°
A== x=3
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Finding the Equation of a Parabola

You will be required to find the equation of a parabola with the given information.

Find the equation of a parabola that has x intercepts of (-3,0) and (2,0).
(_3’ 0) and ( 2, 0)' Given x intercepts of -3 and 2

If the x intercepts are -3 and 2, then the roots of the equation are -3 and 2. You must

x=-3 x=2 now set each root equal to zero.
( Y+ 3) ( x— 2) ?0): iZi ii:;t, ;:;ort; _():tou will tfdd 3 to both sides of t.he equal sign. .
, you will subtract 2 to both sides of the equal sign.
X+x-6 Now multiply the results together, and you have a quadratic expression.
y= XX+x—6 Set your expression equal to y, and you have the equation of a parabola.

In the previous example, all you need to do is set each root equal to x, and work backwards.
Imagine solving a quadratic equation in the reverse. You have the solutions, and you work
backwards to find out what the original problem is. Now, keep in mind, there are an infinite
number of parabolas that can have those two particular x intercepts. If you wanted, for
example, to find the equation of a parabola that opens down and has x intercepts of -3 and 2,
you would multiply your resultant expression, x> +x—6,by (-1). You could also multiply
your expression by any other constant, and the parabola would still have the same x-
intercepts.

Find the equation of a parabola that opens up, and has the following x intercepts.

A) (-3,0) and (4,0) B) (-12,0) and (-3,0) C) (2,0) and (5,0)
W3 A X=%=z X=-3 X=2Z %X=9
Y= (Y- Y =2 (xx3) Y= =X 2

Y= %2 Y=x* Hox rate g = XZ - TH0

Find the equation of a parabola that opens down, and has the following x intercepts.

A) (-2,0) and (6,0) B) (1,0) and (7,0) ©) (5,0)
A o Jo- s

Y= (e Y=- (X'_Dbc'ﬂ % = = (&~ lox re)
e S O B R (i G= - < riox29)
Y = K=14% He Y=o



Find the equation of a parabola that has vertex of (—2,—4), and passes through (1,3).

y=a (x - h)2 +k Begin with the standard form of a quadratic function.

2
y=a (x - (—2)) + (—4) Substitute the values of h and k in for the vertex of the parabola.

y=a (x + 2)2 -4 Simplify, now all you need is the value of a to complete the equation.
2 Since you have the values of h and k , you need to find the value of a, so
(3) =a ((1) + 2) -4 substitute the values of x and y for the point (1, 3) into the equation.
2
3=a(3) -4
3=9a-4
7=9¢4 Simplify and solve for a .
7
a=—
9
Once you have found the value of a, rewrite the completed equation. You have
y= Z( X+ 2)2 -4 Jjust found the equation of a parabola that has vertex of (—2, —4), and passes
9

through (1, 3).

When you encounter these types of problems the most common mistake people make, is they
forget to find the value of a.

Find the equation of a parabola that has a vertex of (-3,2) and contains the point (4,7).
A=Alx -1 )2 4 B
Y=a(Xt3 R4z Y= ZoXr3)>H?
eT= A(4+3)2 =z ’
-z-1=aC1)*
4r =g

ANz 2

M

Find the equation of a parabola that has a vertex of (4,5) and contains the point (-2,-2).
gz a (x-n)Fre
Y= a(x- 4 5 gﬁ:'%(%’%—\z%
"Z,';/\(*-Z—l})z*’g >
-6-7= A(-Ww)?

Zua=—"1
q=—-_1_
E{®)
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Find the equation of a parabola that has a vertex of (-2,-3) and contains the point (4,1)
W= (k-2 ¥
W= (xr2)2-3
\= A(4+2)2-3 vy/{’r (xt2)*-3
2rlza(w)?
F=3un

P
A=g

Find the equation of a parabola that has a vertex of (0,3) and passes the x axis at (7,0).
Y=o (x-h)=rE
Y=n(x)?+3
o=a(MN*t3

—3-41
pud ._3_
4

- ’3 2z
4= 2 1

Find the equation of a parabola that has a vertex of (3,-1) and has a y intercept of (0,-8).
(3 - ﬂl(\ﬁ'h\)z' g =
Y= a (x-3)*~1
-g= oal(-3) -l
1§ = a1(-3)>

Sy
W=7 (x-8) -

Find the equation of a parabola that has a vertex of (5,0) and has a y intercept of (0,-12).
(ﬁ ~— n(x- h)ZH’—

-\ <
9 = alx—5) _-lz =
122 4(-u)? V"2 2)
—12=15a
- -z
A 9

On the next page you will learn to find the equation of a parabola given 3 points on the
parabola.
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Find the equation of a parabola that passes through (1,0), (2,-1) and (3,0).

(L), (2-1), (3.0)

y=ax’+bx+c

0= a+ b+c
-1=4a+2b+c
0=9a+3b+c

Eq, a+ b+c=0
Eq, 4a+2b+c=-1
Eq, 9a+3b+c=0

Eq, a+ b+c=0 Egq, a+ b+c=0
Eq, 4a+2b+c=-1 Egq, 9a+3b+c=0

-Eq, —a-b-c=0
+Eq, 4a+2b+c=-1

-Eq, —a-b-c=0
+Eq, 9a+3b+c=0

Eq, 3a+b=-1 Eq, 8a+2b=0
Eq, 3a+ b=-1
Eq, 8a+2b= 0
-2Eq, —6a-2b=2
+ Eg, 8a+2b= 0
2a=2
a=1
a=1 a=1 b=-4
Substitute into equation 5 Substitute into equation 1
8(1)+2b=0 (1) +(~4)+¢c=0
2b=-8 -3+¢=0
b = "'4 C= 3

a=1 b=-4 c=3

y=x"—4x+3
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Given

Use the general form of a parabola

Substitute the values of x and y into the general form
of a parabola for each set of coordinates setting up 3
equations.

You have now created a system of equations in 3
variables.

One of these equations will be used twice. It doesn’t
matter which. In this case, equation 1 will be used
twice.

Multiplying equation 1 by -1 and combining the
equations yielded two new equations. You must get
rid of the same variable each time.

Now we have a system of equations in two variables.

Multiply equation 4 by -2, and add the result to
equation 5. This yields a numerical value for the
variable a.

Once the value of the first variable is found, substitute
that number, in this case 1, into either equation 4 or 5
and solve for the remaining variable. Now that the
value of two of the variables is known, go back to
equation 1, substitute and find the value of the third
variable.

The value of all three variables has now been found.

Substitute these values into the general form of a
parabola, and the equation of the parabola that passes
through (1,0), (2,-1) and (3,0) is found.



A) Find the equation of a parabola that passes through (1,6), (2,5) and (0,5).

DERASETe

-2(ath=\) Atb=|

(l:U) Abbtro=—e oo “{o_'
. - [ Fo=
(2.9) NP re=u farzbrpes — 070 T
’ =0 —7 “2p-2b=-2
(O ) 6) a4n F2H pe .
=9 p
A~-\ b=z (=9
W= - = Fexts
B) Find the equation of a parabola that passes through (0,6), (2,2) and (5,11).
- Z ~ . L
(Z‘/Z) \ﬁ;,??l;b‘jzj’; — 4dayvtu=2 - o (4 tzp = 4)
(9,1) s6nrep eIl Zbntsb Hesl| oo t5b =)
(0,u0) (=0 — 20 4= 10b =70
| Soa t10b=]O
30 = 30
A=\ b=-4 L=V A= |
Y= x4 4 F2b=—2
H)¥2b= —4
- -4
2= ¥
I - -4
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C) Find the equation of a parabola that passes through (3,-10), (4,0) and (6,8).
Y= AXZ ¥ YC

(4’\0\ |k 4 HC=0 —= lea +4p +C= 0 a +e
| - —da-3p-C=p - a -Bb -c=I0
o) BunreneTs o+ O 290 F3b =Ig
- 37 b =0 :
2:(70”1 rzv'«ig DHHLEC
—\4p=10
B = —2la-3p =20
N--2 b=24 C=-wa b= S
ba = o
('jf, ')ZX'Z‘[/ZA%“’LQC\—— (}5(:-—2
Aatzptt=-10

A2z TC= 710
-1g +7712 =10 o
4 +C= 710 =TS
D) Find the equation of a parabola that passes through (0,6), (-6,0) and (2,16).

Y=o
(0,u) _
c~W
(< 0) ‘ | ' . R
Zpa-ewti=o > 204Ul ‘HJ‘O—’7 U e . 4 k2 =10
CLIH’Q) 4ptzbtri= lo A tZb e =(w 3(40 20 =10) H D)z =10
2+2)p=10
Zn b=l =%
[ZA Hab =20 b=4
4~ 24
- 4%
N5 by = 43
L
N n=z
U= 2" AN T
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Finding a Quadratic Equation

Find a quadratic equation that has the following roots.

A) -7, -8
¥=1 x=-g
(x+7) (xt®)

XZ HxIBp=0

D) 3+2i, 3-2i

X=3t7(
(x~2)" =( £2()?
X2 —(eXx +) = 42
X = - A

- —

G l+\/§ 1-\/5

X = lt@ i
2 —
2x= | 32
(2% =1 )= ( ST
4xF-4xH =3

(6X7= (X&)
2ox* <=3

ox= 4
[5%~4) (3x +2)

[ 6XZ% HloX
-12x <<

g 2+22 2-22
3 3
=2t 23z
3
ZR=2k 2J2
(Bx -2)2= (£2{2)?

AXE =2 4=
ST =

V2

.1
+—i, =
2 -2 2
st

K > 2,
rR=2Z 2
7x = | w2zl
—«\7
A’XL— preel wivs
4xZ% -4xd = 2
| 4x*—4xtz=0 ]

\Z -

c o, L

8
X=0 X‘«‘%
x|
w (%D

[ex=-x=o |

F) 3+\/2—, 3-\2
X =383z
(x-2)= (+{2)
X Lex Y42

T Xeto1=o |

D V2i, —2i
(} = (E20)°
XZ=zZL*
X%z —Z

[ x=rz=o]

L) 3+5i, 3-5i
X=3Eol
(x-3)*= (t6U°
Xz - lox¥d =2el*
K= —wex i = 2%
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Word Problems with Quadratics

Solve each of the following.

A) Find two consecutive odd integers whose product is 99.
x{(xx1)=qq
xta 2x =98
xta ax -19=°
(’)(4-!0('7("\3 =°

~x= M x;‘]
B) The sum of two numbers is 40. Find the greatest possible product of the two numbers. ¢
¢ o =X -1 4%
X+H= Yo N Me-x —Hx B i Sl o= .
> K "‘Fu‘)’: xd ] —P(_‘)a, -(’X'ZO) {’HW
X \5 - . /P XL PT Y4 » NJV *
~Fur= N ,
X ( \.lo-"x) . 3)\ . Cs}e )\._ - w) = oy /\:’)‘ P o
Wx-X (~ - (x ax *v‘“) by Yoo
B R A LS -Foey v T
£fuxre %X

C) Find the number of units that produce a maximum revenue R =800x —0.1x*, where R
is the revenue in dollars, and x is the number of units sold.

9 i —
Rz T00K - o 17 [\-(ooo oalts Wil PNJ'“‘Q\

L= -o 1 X+ VX

. “ Mmax  revenvi
(\9 > /_ 0.
T LoD

D) The profit a company makes is given by the model P =-0.4x> +30x + 220, where P is
the profit the company earns and x is the amount spent on advertisement in hundreds
of dollars. What amount should the company spend on advertising in order to

maximize profits.
~o0. X 3K + 230

‘9‘/ ‘) %0 - ﬂ_ = }‘715
- = = '/,_—‘» 0,5
14 L( ] ’) Y A b\w\o&“d‘ﬁ
x o €«

In.s

L_“ 31750 5[“‘)9 be _jpuﬂ oA aJVU‘H‘."‘Q

E) The more expensive a product, the less you can sell. The relationship between the price, p,
and the quantity, g, of sold products is given by the following formula ¢ =30-2p. The

revenue is given by R = pg . For what price will you have the maximum revenue?
SR A BT N
(- e
R= P g =
Lo 3ep 2P T &0
§1 LSO

LN O
232 Q= &P % _,/hf/”"‘”



F) Two cyclists meet at an intersection. The first cyclist travels east, while the second south.
The eastbound cyclist is traveling 7 miles per hour faster than the southbound cyclist.
After one hour, the two are 13 miles apart. How far have each of the cyclists traveled?

x+7 N
A (D 2 (3D
X /5(‘“" x4 X lx +499 = 161
' - 2
Lt x4 z (65 X=35
l Ecg‘*\owé (T M Ux® +0x 10 - © X+ 7 =
I +T 21—

/ 5‘,\,\!\,\\00\)«1 S M. vt x“y20c - 6o) >°
— L (x40) (x0T
G) The base of a right triangle is 6 cm more than twice the length of its leg. Find the length
of the two legs of the right triangle if the hypotenuse is 39 cm.

X 9 x T () = (39)”
Y Siar L T s L

S
JARY] K= =171 x= Liray

e ———

> 4O [')
At o Qix TS T o ’

Lx—+\o M) ) ~ (8o
ve -z Jant- Ul x2 D2 XZ g

a (5 B
— Y/ 193 x= )5

x= —11x ﬁfj‘”"
iV 30
o

O i

—

x> —
H) A fireman has a 15 foot ladder. He needs to reach a window that is 12 feet high. How
far away from the base of the wall should the ladder be placed?

7”4{“)176'§7‘—

; B/ T
\ 7‘/\. 4 IMY = 7 s
X xv =¥l
x=z *9
x 71 =1
D Find two consecutive even integers whose product is 224.
x (xrD) = 1 * AT
~ - ™
~ 4 'L)‘ - — b P‘i -4
~T 4 1y T (21 oS
=0 A 1o
L l
Lx —%—l%) (™~ ! \ 1
b %= v 233
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Checking Progress

You have now completed the “Quadratic Equations” section of the workbook. The following
is a checklist so that you may check your progress. Check off each of the objectives you have
accomplished.

The student should be able to...

Solve quadratic equations by completing the square.

Derive the quadratic formula.

Solve quadratic equations by using the quadratic formula.

Determine the nature of the roots of a quadratic using the discriminant.

Put a quadratic function in standard form.
Determine how the values of a, h, and k affect the graph of a function in

y=a(x—h) +k form.

Find the vertex of a quadratic function.

Find the x and y intercepts of a quadratic function.

Find the range and domain of a quadratic function without graphing it.
Graph a quadratic function.

Determine the maximum or minimum value of a quadratic function.

Determine the interval in which the value of a function is increasing, decreasing or
constant.

Determine the interval in which the value of a function is positive or negative.
Find the equation of a parabola given the vertex and a point on the parabola.

Find the equation of a parabola given the x intercepts of the graph of the function.

TTTTTT T TR TR T T T TE T T T

Find the equation of a parabola given three points on the curve.
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Objectives

The following is a list of objectives for this section of the workbook.

By the time the student is finished with this section of the workbook, he/she should be able
to...

Determine the properties of a quadratic function in standard form.
Find the x and y intercepts of a quadratic function.

Find the range and domain of a quadratic function.

Find the vertex of a quadratic function in standard form.

Graph a quadratic function.

Determine the properties of an absolute value function in standard form.
Find the x and y intercepts of an absolute value function.

Find the range and domain of an absolute value function.

Find the vertex of an absolute value function.

Graph an absolute value function.

Determine the properties of a radical function in standard form.

Find the x and y intercepts of a radical function.

Find the range and domain of a radical function.

Find the point of origin of a radical function.

Graph a radical function.

Determine the properties of an exponential function in standard form.
Find the x and y intercepts of an exponential function.

Find the range and domain of an exponential function.

Find the key point of an exponential function.

Graph an exponential function.

Determine the properties of a logarithmic function in standard form.
Find the x and y intercepts of a logarithmic function.

Find the range and domain of a logarithmic function.

Find the key point of a logarithmic function.

Graph a logarithmic function.

Determine the properties of a cubic function in standard form.

Find the x and y intercepts of a cubic function.

Find the range and domain of a cubic function.

Find the vertex of a cubic function.

Graph a cubic function.

Shift the graph of a function without actually knowing the equation, i.e.

graphing f ., .
. Graph piece-wise functions.
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Math Standards Addressed

The following state standards are addressed in this section of the workbook.

Algebra 11

1.0 Students solve equations and inequalities involving absolute value.

8.0 Students solve and graph quadratic equations by factoring, completing the square, or using the quadratic formula.
Students apply these techniques in solving word problems. They also solve quadratic equations in the complex
number system.

9.0 Students demonstrate and explain the effect that changing a coefficient has on the graph of quadratic functions;
that is, students can determine how the graph of a parabola changes as a, b, and ¢ vary in the equation

y = a(x-b)? + c.

10.0 Students graph quadratic functions and determine the maxima, minima, and zeros of the function.
11.0 Students prove simple laws of logarithms.

11.1 Students understand the inverse relationship between exponents and logarithms and use
this relationship to solve problems involving logarithms and exponents.

11.2 Students judge the validity of an argument according to whether the properties of real
numbers, exponents, and logarithms have been applied correctly at each step.

12.0 Students know the laws of fractional exponents, understand exponential functions, and use these functions in
problems involving exponential growth and decay.

15.0 Students determine whether a specific algebraic statement involving rational expressions, radical expressions,
or logarithmic or exponential functions is sometimes true, always true, or never true.
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Quadratic Functions

The translation of a function is simply the shifting of a function. In this section, for the most
part, we will be graphing various functions by means of shifting the parent function. We will
go over the parent function for a variety of algebraic functions in this section. It is much
easier to see the effects different constants have on a particular function if we use the parent

Sfunction. We will begin with quadratics. Observe the following regarding a quadratic function
in standard form.

Notice that in the equation above, the h and k values are zero, while the value of a is one. This gives
you the parent function for all quadratics. Everything else is merely a manipulation of the parent
Sfunction.

y=(x—3»)2 y=(x+3)2

The graph of the function shifts right 3. The graph of the function shifts left 3.

The number inside the parenthesis makes the graph shift to the left or right. Remember P.L.N.R., Positive Left
Negative Right, tells about the horizontal shift needed to graph the function.

If the function above is ]i x)» the functions below would be f(x_3) and /ix +3) Tespectively. This is important to

know, because in the future, you will be required to graph functions based solely on the picture provided. No
equation will be given. You must rely solely on your knowledge of translating graphs.
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Once again, the parent function is illustrated above, and translations of it below.

y=x"+2

y=x"-2

The graph of the function shifts up 2.

4
1

+

The graph of the function shifts down 2.

In these examples, the k value is what is changing. The value of k dictates a vertical shift of the function. In

this case, consider the parent function as being f(x) . Given no information regarding the specific equation of

the function, the equations for these two translations of f( x) are f(x) +2,and f(x) -2.

y=-x’

Now, on the left we have the opposite of the parent
function. In this particular example, the value of a, in
the standard form is -1. A negative reflects the graph of

the function about the horizontal axis. Once again, if

the parent function given is referred to as f(x) , this

function is — fix) .
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We have seen how to graph a function by shifting the parent function. You may have noticed
that we graphed — f(x) , but not f(_x). The reason we did not see f(_x), is because this is the

graph of an even function. That means that if a —x were plugged in to the function, it would
make no difference. The outcome would be the same. However, if we are dealing with a
different type of function, one that was not even, f(_x) would cause the graph of the function

to reflect about a vertical axis. In other words, if — f(x) makes a graph flip upside down, jz_x)
would make the graph flip from right to left, or left to right, whatever may be the case.
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