Solving Systems of Equations in 2 Variables Algebieally

There are three ways to a system of equations in bawariables we will be covering as we
look at linear functions. The first method is thraugh graphing, while the others are more
algebraic. We will be focusing on the algebraic ntieods here.

The first algebraic method used to solve systems efjuations is the substitution method.
While this method is the most difficult to master,it is also the most useful as it will be
necessary to use these procedures in many other ggof problems you will encounter as

you study algebra.

The first step to solving a system of equations ugj the substitution method is to isolate
and solve for one of the variable. It does not medr which. The examples below will guide
you in making your decision as to which variable tsolve for.

2x+ y=9 In example A, it is best to solve for the y valueniequation one as the variable is
A) already by itself. This means there is no coeffient, so all that has to be done is
3x-4y =8 subtract 2x from both sides of the equation.
2x+y= 9
=2X - 2X
y=9-2x
3x+5y=12 | Inexample B, itis best to solve for the x in theecond equation as the variable has
coefficient of 1. Subtract 4y to both sides and weill have solved for x.
x+4y=11

x+4y =11
-4y -4y
x=11-4y

12x-3y=21
c) I
6x-5y= 3

For example C, all of the variables have coeffici¢s of something other than one. In
this case, look at all of the numbers in each equan. Notice how all of the numbers
in equation 1 are multiples of 3. This tells me tsolve for y in the first equation. We
will first subtract 12x from both sides, the divideby -3.

12x-3y=21
-12x -12x
_ Note that once divided by -3,
ﬂ = é _g the signs will change.
-3 -3 -3
y=4x-7

2X+3y =—-6
D)
3x+2y=25

In this particular example, there is no variable that has a coefficient of one, nor is
there a case where all of the coefficients of an eation are multiples of a single
number. There is however the case in equation 1 wle -6 is divisible by 2 or 3.
Since that is the case, we will focus attention aquation 1. Solve for y in first
equation. Just be careful with the signs.

2x+3y=-6
—2X —2X
3y__2¢x_6
3 3 3

2
=-—=x-2

Y 3




Substitution Method Example

5x+16y =15

Solve the following system of equations using thelsstitution method: { x4 L

Work
eql 5x+16y=15

eq2 —-2x-4y=1

—2Xx-4y=1
+4y +4y
—2x_4y, 1
-2 -2 2

1
3 X=-2y—-—
€q y 5

eql 5x+16y=15

1
3 X=-2y-—
e y=35

1

5(—2y——} +16y =15

2

5(—2y—%)+16y:15
5
—10y—§+16y =15

6y-2=15

2

Z(Gy—g) =2(15)

Explanation Procedure

Looking at the equations, it will be
best to solve for the x in equation 2.

Add 4y to both sides of the equation, Step 1- chose one of the equations
then divide the entire equation by -2.  and solve for a variable. It does
We now have a new equation that will not matter which equation or

be labeled here agquation 3 variable is chosen.

At this point, substitute our new
equation, equation 3into equation 1.
Remember,equation 3originally
came from equation 2. Do not plug
the new equation back into the
original problem it came from.

Step 2- substitute the new
equation into the other one. Make
sure you do not substitute
equation 3 back into the original
problem it came from. Doing so
will result in nothing but a true

Distribute 5 then proceed to add like statement. In other words, if the
new equation came from equation

terms. We now have a decision to 1 olug it back into equation 2. If
make. There is a fraction in the 5\ 9 i q ‘ )
problem. Itis not a difficult fraction, € new equation came Irom
but let’s get rid of the fractions equation 2, plgg it back into
anyway. This will make it easier to equation 1.
work with.

Step 3- solve for the variable from
step 2. Once this is finished, you
will have solved for one of the
variables in the system.

Multiplying the entire equation by 2
allows us to get rid of the fraction.
From this point, proceed to solve the
equation using inverse operations.

Step 4- Substitute the solution

Now that we have solved for found in step 3 back into one of
Y: the equations to solve for the

substitute that value back into o : )
X remaining variable. It doesn’t
equation 3 to solve for x. Reduce all ; o
fractions as much as possible and matter which equation Is used for
finallv we solve for x this, but bear in mind that
y ‘ equation 3 is already set up with a
variable isolated.

12y-5=30
+5 +5
12y _35
12 12
y=3
12
eq3 x=-2y-—
_35
y 12
X=-2 35]—}
12) 2
3 3
X=————
6 6
38 19
X=——— =
6 3
Solution: (_19,35
312

We have now found the values of both  Step 5- write the solution to the
xandy. system as an ordered pair.




Elimination Method Example

: , . L 2x-3y=6
Solve the following system of equations using théiraination method: y
5x-7y=10
Work Explanation Procedure
1 2%x-3v=6 When using the elimination method to solve a systeof equations our
eq X—3y= goal is to add the two equations together to getwariable to cancel. In
eq2 bx-7y=10 order to do this, we will multiply one or both of the equations by a

number in order to get opposite coefficients so theariables cancel.

In looking at the problem, it may i . : :
be best to get rid of the x term. In Ste_p 1- decide W.h'Ch variable to
get rid of and multiply one or both

—5(2x-3y= 6 order to do this, | will need . :
( ) coefficients of 10 and -10. In of thoerdegrut%tlgrne;bey(? ng;‘g ern
2(5)(_ 7y = 10) order to accomplish this, multiply o PR
. coefficients for the variable of
equation 1 by -5 and the second our choice
equation by 2. y '
Adding the two equations
together, the x cancels, and we are
-10x+15y = -30 left with part of our solution. We Step 2- add the two equations
now have a choice, we can either together to eliminate one of the
10x-14y= 20 substitute the value of y back into g€ .
. variables. Solve for whichever
_ one of the equations and solve for iabl .
y=-10 X, or we can perform the variable remains.

elimination method again this time
getting rid of the y.

eql  2x-3y=6 Step 3- when one of the solutions is
y=-10 found, either substitute it back
2X—3(—10) =6 Since the numbers are smaller in mfto o}r]le of the (_aquatlo_nzlto solve
equation 1, substitute -10 for y or the remaining variable, or
_ L N perform the elimination method
2x+30= 6 Once this is done, we are left with again to get rid of the other
a simple two step equations. Usin :
-30 -30 in\?erse opergtioﬂs solve the 9 variable. We would perform the
2 _o4 remaining variable latter if our solution from step 2
_X =_=° 9 ’ came out to be a real nasty
2 2 fraction that you do not want to
x=-12 work with.
(_12 _10) We now have solutions for both Step 5- write the solution to the
’ the x and y values. system as an ordered pair.

Remember, as you solve a system of equations, yae &inding the point at which the two
lines intersect. Itis possible to havene solutionas illustrated by the previous examples, it

is also possible to have...
No solutions In this case, the lines are parallel and neveptich.
Infinite solutions- In this case, one line is graphed on top of thether one. This means that

any point on the first line also exists on the send line. Since there are an infinite amount
of points on any one line, we can conclude that theeare infinite solutions.

The next page will illustrate what happens if the gstem is a special case.



Special Cases

As we look at the next two examples, recall our basrules when solving an algebraic
equation, inequality or system of equations.

When solving an algebraic equation, inequality orystem of equations, if all of the
variables cancel, and we are left with a false stament, there is no solution.
An example of a false statement ig4 =9

When solving an algebraic equation, inequality orystem of equations, if all of the
variables cancel and we are left with a true stateent, there are infinitely many solutions.
An example of a true statement is-6 = —6

The following is an example of a system with no agions

2x+ y=3

Solve the system of equations:
4x+2y =8

We will look at the solution to this
system using either method to

Substitution method solve. Notice that regardless of Elimination Method
which method is used, the answer
is the same.
eql 2x+ y=3 <Using the substitution method, egl 2x+ y=3
it is best to isolate the y in _
€q2 4x+2y=8 equation 1, then solve the system. eq2 4x+2y=8
2x+ y=3 Using the elimination method,>
—2x —2x multiply equation 1 by -2 to create _2(2X+ y= 3)
- opposite coefficients. Once that is 4x+2y=8
eg3 y=3-2x done, solve the system.
eq2 4x+2y=8
y=3-2x _ . —4x-2y=-6
Regardless of which method is _
4x+2(3-2x)=8 used here, the variables 4x+2y= 8
AX+6-4Xx=8 completely cancel out leaving us 0=2
with a false statement.
6=8 0#2
6#8

No Solution No Solution




The following problem is an example of a system witinfinite solutions

2x+ y=3

Solve the system of equations:
4x+2y =6

We will look at the solution to this
system using either method to

Substitution method solve. Notice that regardless of Elimination Method
which method is used, the answer
is the same.
eql 2x+ y=3 éQsi_ngbthe subst:tutiorr: mthod, egl 2x+ y=3
_ it is best to isolate the y in _
€2 4x+2y=6 equation 1, then solve the system. €2 4x+2y=6
2x+ y=3 Using the elimination method,~> _
—ox —2x multiply equation 1 by -2 to create _2(2X+ y= 3)
- opposite coefficients. Once that is AX+2y=6
eg3 y=3-2x done, solve the system.
eq2 4x+2y=8
y =3-2x Regardless of which method is —4x-2y=-6
used here, the variables
- = ! + =
ax+ 2(3 2X) 8 completely cancel out leaving us M
AX+6—-4X=6 with a true statement. 0=0
6=6

Infinite Solutions

| Infinite Solutions |

It is important to remember that “infinite solution s” is not the same the thing as infinity.
When solving a system of equations, the answer infty would imply that every point on
the Cartesian Plane is a solution to the system.Irfinite solutions” on the other hand,
means that every point on line 1 exists on line 2ZThis means if we were to graph the two

lines on the same plane, line 2 would be right oop of line 1.



