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Chapter 5
Analytic 
Trigonometry

5.4  Product-to-Sum and Sum-to-Product Formulas
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Chapter 5.4
Objectives

Use the product-to-sum formulas. 
Use the sum-to-product formulas.
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Chapter 5.4
Homework

Read Sec 5-4 
Do p623 2 - 46 even



Product to Sum Formulae 
Sum to Product Formulae
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Product to Sum Formulae
Verify 

�4

 
sinα sin β =

1
2

cos(α − β) − cos(α + β)⎡
⎣

⎤
⎦

 
=

1
2

cosα cosβ + sinα sinβ − cosα cosβ + sinα sinβ⎡
⎣

⎤
⎦

 
=

1
2

(cosα cosβ + sinα sinβ) − (cosα cosβ − sinα sinβ)⎡
⎣

⎤
⎦

 
=

1
2

2sinα sinβ⎡
⎣

⎤
⎦

 = sinα sinβ



Product to Sum Formulae 
Sum to Product Formulae
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Product to Sum Formulae

�5

 
cosα cos β =

1
2

cos(α − β) + cos(α + β)⎡
⎣

⎤
⎦

 
=

1
2

cosα cosβ + sinα sinβ + cosα cosβ − sinα sinβ⎡
⎣

⎤
⎦

 
=

1
2

(cosα cosβ + sinα sinβ) + (cosα cosβ − sinα sinβ)⎡
⎣

⎤
⎦

 
=

1
2

2cosα cosβ⎡
⎣

⎤
⎦

 = cosα cosβ

Verify 
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Sum to Product Formulae
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Product to Sum Formulae

�6

 
sinα cos β =

1
2

sin(α + β) + sin(α − β)⎡
⎣

⎤
⎦

 
=

1
2

(sinα cosβ + cosα sinβ) + (sinα cosβ − cosα sinβ)⎡
⎣

⎤
⎦

 
=

1
2

2sinα cosβ⎡
⎣

⎤
⎦

 = sinα cosβ

Verify 



Product to Sum Formulae 
Sum to Product Formulae
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Product to Sum Formulae

�7

 
cosα sin β =

1
2

sin(α + β) − sin(α − β)⎡
⎣

⎤
⎦

 
=

1
2

(sinα cosβ + cosα sinβ) − (sinα cosβ − cosα sinβ)⎡
⎣

⎤
⎦

 
=

1
2

2cosα sinβ⎡
⎣

⎤
⎦

 = cosα sinβ

Verify 
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The Product-to-Sum Formulas

�8

 
sinα sin β =

1
2

cos(α − β) − cos(α + β)⎡
⎣

⎤
⎦

 
cosα cos β =

1
2

cos(α − β) + cos(α + β)⎡
⎣

⎤
⎦

 
cosα sin β =

1
2

sin(α + β) − sin(α − β)⎡
⎣

⎤
⎦

 
sinα cos β =

1
2

sin(α + β) + sin(α − β)⎡
⎣

⎤
⎦

Slide10  
Slide9  



Product to Sum Formulae 
Sum to Product Formulae
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Using the Product-to-Sum Formulas

Express the product as a sum or difference:

�9

  sin5x sin2x

  
sin5x sin2x =

1
2

cos(5x − 2x) − cos(5x + 2x)⎡
⎣

⎤
⎦

  
=

1
2

cos3x − cos7x⎡
⎣

⎤
⎦

 
sinα sin β =

1
2

cos(α − β) − cos(α + β)⎡
⎣

⎤
⎦

Slide8



Product to Sum Formulae 
Sum to Product Formulae
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Using the Product-to-Sum Formulas

�10

  cos7x cos x

  
cos7x cos x =

1
2

cos(7x − x) + cos(7x + x)⎡
⎣

⎤
⎦

  
=

1
2

cos6x + cos8x⎡
⎣

⎤
⎦

 
cosα cos β =

1
2

cos(α − β) + cos(α + β)⎡
⎣

⎤
⎦

Slide8

Express the product as a sum or difference:
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Sum to Product Formulae
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Sum to Product Formulae

Verify 

�11

 
sinα + sin β = 2 sin α + β

2
cos α − β

2

 = sinα + sinβ

 
sinα cos β =

1
2

sin(α + β) + sin(α − β)⎡
⎣

⎤
⎦

 
2sinα + β

2
cosα − β

2
= 2 •

1
2

sin α + β
2

+
α − β

2

⎛

⎝
⎜

⎞

⎠
⎟ + sin α + β

2
−
α − β

2

⎛

⎝
⎜

⎞

⎠
⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

 
= sin 2α

2

⎛

⎝
⎜

⎞

⎠
⎟ + sin 2β

2

⎛

⎝
⎜

⎞

⎠
⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
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Sum to Product Formulae

Verify 

�12

 
sinα − sin β = 2 sin α − β

2
cos α + β

2

 = sinα − sinβ

 
sinα cos β =

1
2

sin(α + β) + sin(α − β)⎡
⎣

⎤
⎦

 
2sinα − β

2
cosα + β

2
= 2 •

1
2

sin α − β
2

+
α + β

2

⎛

⎝
⎜

⎞

⎠
⎟ + sin α − β

2
−
α + β

2

⎛

⎝
⎜

⎞

⎠
⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

 
= sin 2α

2

⎛

⎝
⎜

⎞

⎠
⎟ + sin −

2β
2

⎛

⎝
⎜

⎞

⎠
⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥  
= sin α( ) + sin −β( )⎡
⎣⎢

⎤
⎦⎥
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Sum to Product Formulae
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Sum to Product Formulae
Verify 

�13

 
cosα + cos β = 2 cos α + β

2
cos α − β

2

 = cosα + cosβ

 
2cosα + β

2
cosα − β

2
= 2 •

1
2

cos α + β
2

−
α − β

2

⎛

⎝
⎜

⎞

⎠
⎟ + cos α + β

2
+
α − β

2

⎛

⎝
⎜

⎞

⎠
⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

 
= cos 2β

2

⎛

⎝
⎜

⎞

⎠
⎟ + sin 2α

2

⎛

⎝
⎜

⎞

⎠
⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

 
cosα cos β =

1
2

cos(α − β) + cos(α + β)⎡
⎣

⎤
⎦



Product to Sum Formulae 
Sum to Product Formulae
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Sum to Product Formulae
Verify 

�14

 
cosα − cos β = −2 sin α + β

2
sin α − β

2

 = cosα − cosβ

 
−2sinα + β

2
sinα − β

2
= −2 •

1
2

cos α + β
2

−
α − β

2

⎛

⎝
⎜

⎞

⎠
⎟ − cos α + β

2
+
α − β

2

⎛

⎝
⎜

⎞

⎠
⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

 
= −1 cos 2β

2

⎛

⎝
⎜

⎞

⎠
⎟ − cos 2α

2

⎛

⎝
⎜

⎞

⎠
⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

 
sinα sin β =

1
2

cos(α − β) − cos(α + β)⎡
⎣

⎤
⎦

 
= −1 cos β( ) − cos α( )⎡

⎣⎢
⎤
⎦⎥



Product to Sum Formulae 
Sum to Product Formulae

/23

The Sum-to-Product Formulas

�15

 
sinα + sin β = 2 sin α + β

2
cos α − β

2

 
sinα − sin β = 2 sin α − β

2
cos α + β

2

 
cosα + cos β = 2 cos α + β

2
cos α − β

2

 
cosα − cos β = −2 sin α + β

2
sin α − β

2



Product to Sum Formulae 
Sum to Product Formulae
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Today’s Menu

�16

 
sinα sin β =

1
2

cos(α − β) − cos(α + β)⎡
⎣

⎤
⎦

 
cosα cos β =

1
2

cos(α − β) + cos(α + β)⎡
⎣

⎤
⎦

 
cosα sin β =

1
2

sin(α + β) − sin(α − β)⎡
⎣

⎤
⎦

 
sinα + sin β = 2 sin α + β

2
cos α − β

2

 
sinα − sin β = 2 sin α − β

2
cos α + β

2

 
cosα + cos β = 2 cos α + β

2
cos α − β

2

 
cosα − cos β = −2 sin α + β

2
sin α − β

2

 
sinα cos β =

1
2

sin(α + β) + sin(α − β)⎡
⎣

⎤
⎦

Product to Sum Sum to Product



Product to Sum Formulae 
Sum to Product Formulae
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Using the Sum-to-Product Formulas

�17

  sin7x + sin3x

  
sin7x + sin3x = 2sin 7x + 3x

2
cos 7x − 3x

2

 
sinα + sin β = 2 sin α + β

2
cos α − β

2

  = 2sin5x cos2x

Express the sum as a product: 



Product to Sum Formulae 
Sum to Product Formulae
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Using the Sum-to-Product Formulas

�18

  cos3x + cos2x

 
cosα + cos β = 2 cos α + β

2
cos α − β

2

  
cos3x + cos2x = 2cos 3x + 2x

2
cos 3x − 2x

2

  
= 2cos 5x

2
cos x

2

Express the sum as a product: 



Product to Sum Formulae 
Sum to Product Formulae
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Example

�19

  sin2x cos3x

  
sin2x cos3x =

1
2

sin(2x + 3x) + sin(2x − 3x)⎡
⎣

⎤
⎦

  
=

1
2

sin5x + sin(−x)⎡
⎣

⎤
⎦

 
sinα cos β =

1
2

sin(α + β) + sin(α − β)⎡
⎣

⎤
⎦

  
=

1
2

sin5x − sinx⎡
⎣

⎤
⎦

Express the product as a sum or difference: 



Product to Sum Formulae 
Sum to Product Formulae
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Example

�20

  2sin74! cos114!

  
2sin74! cos114! = 2 •

1
2

sin(74 + 114)! + sin(74 − 114)!⎡
⎣

⎤
⎦

  
= 1 sin188! + sin(−40!)⎡

⎣
⎤
⎦

 
sinα cos β =

1
2

sin(α + β) + sin(α − β)⎡
⎣

⎤
⎦

  = sin188! − sin40!

Express the product as a sum or difference: 



Product to Sum Formulae 
Sum to Product Formulae
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Example

Verify:

�21

  
tanx =

sin3x − sinx
cos3x + cos x

 
sinα − sin β = 2 sin α − β

2
cos α + β

2

 
cosα + cos β = 2 cos α + β

2
cos α − β

2

  

sin3x − sinx
cos3x + cos x

=
2sin 3x − x

2
cos 3x + x

2

2cos 3x + x
2

cos 3x − x
2   

=
2sin2x

2
cos 4x

2

2cos 4x
2

cos 2x
2

  
=

2sinx cos2x
2cos2x cos x

  = tanx
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Sum to Product Formulae
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Example

Find the exact value of sin 195° - sin 105°.

�22

sinα − sin β = 2 sin α − β
2

cos α + β
2

sin195! − sin105! = 2 cos 195 +105
2

⎛
⎝⎜

⎞
⎠⎟
!
sin 195 −105

2
⎛
⎝⎜

⎞
⎠⎟
!⎡

⎣
⎢

⎤

⎦
⎥

= 2 cos 150( )! sin 45( )!⎡⎣ ⎤⎦

= 2 − 3
2

• 2
2

⎡

⎣
⎢

⎤

⎦
⎥ = − 6

2
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Sum to Product Formulae
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Example

Verify

�23

sin7x − sin5x
cos7x − cos5x

= −cot6x

sin7x − sin5x
cos7x − cos5x

=
2cos 7x + 5x

2
⎛
⎝⎜

⎞
⎠⎟ sin

7x − 5x
2

⎛
⎝⎜

⎞
⎠⎟

−2sin 7x + 5x
2

⎛
⎝⎜

⎞
⎠⎟ sin

7x − 5x
2

⎛
⎝⎜

⎞
⎠⎟

sinα − sin β = 2 sin α − β
2

cos α + β
2

cosα − cos β = −2 sin α + β
2

sin α − β
2

=
cos 6x( )
−sin 6x( ) = −cot6x


